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In this course we discuss the main classes of infinite dimensional Lie groups such as
groups of operators, direct limits of finite dimensional groups, groups of smooth maps and
diffeomorphism groups. Then we turn to representations of these groups, their smoothness
properties and how Lie theoretic techniques can be used to investigate unitary representa-
tions. This leads us to the concepts of bounded and semibounded unitary representations,
which provide a new method to specify regularity properties. For infinite dimensional groups
one cannot hope to classify all continuous/smooth unitary representations, so that it becomes
crucial to distinguish good classes which are approachable by suitable means and contain the
representations that show up in applications, in particular in mathematical physics.

Preliminaries: Tangent bundles of manifolds, smooth vector fields on manifolds and
their Lie bracket; some basic functional analysis. Results on selfadjoint operators, spectral
measures and Stone’s Theorem on unitary one-parameter groups are collected in appendices.
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1 Infinite dimensional Lie groups

In this section we introduce infinite dimensional Lie groups and their Lie algebras. Here
the main new point, compared with the finite dimensional theory, is a suitable notion of a
smooth map between open subsets of locally convex spaces.

1.1 Locally convex spaces

Definition 1.1. A topological vector space E is said to be locally convex if each 0-neighborhood
in E contains a convex one. Throughout, topological vector spaces E are assumed to be
Hausdorff.

Proposition 1.2. ([Ru73, Thms. 1.36/1.37]) Let P be a family of seminorms on the real
vector space E which is separating in the sense that for every non-zero v ∈ E there exists a
p ∈ P with p(v) > 0. Then there exists a unique locally convex topology τP on E for which
the finite intersection of sets of the form

V (p, ε) := {x ∈ E : p(x) < ε}, p ∈ P, ε > 0

form a basis of 0-neighborhoods.
Conversely, every locally convex topology on E can be obtained by this construction.

Example 1.3. (a) The space E = RN = {(an)n∈N : an ∈ R} of all real sequences is a
locally convex space with respect to the product topology. It is specified by the seminorms
pn(a) := |an|, n ∈ N.

(b) Every normed space (E, ‖ · ‖) is locally convex because balls in normed spaces are
convex. Note that the one-point set P = {‖ · ‖} is a separating family of (semi-)norms.

(c) If E is any topological vector space and E′ := Hom(E,R) the space of continuous linear
functionals on E, then the topology of pointwise convergence on E is a locally convex topology
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on E specified by the seminorms pv(α) := |α(v)|, v ∈ E. This locally convex topology is
called the weak-∗-topology. It is the coarsest topology on E′ for which all evaluation maps

v∗ : E′ → R, α 7→ α(v)

are continuous.
(d) On every real vector space E, the set P of all seminorms is separating (this follows

from the existence of a linear basis). It defines the finest locally convex topology on E. Then
E′ = E∗, i.e., every linear functional on E is continuous.

Definition 1.4. (a) A locally convex space E is called a Fréchet space if its topology can be
specified by a separating sequence {pn : n ∈ N} of seminorms and E is complete with respect
to the metric

d(x, y) :=
∑
n∈N

2−n
pn(x− y)

1 + pn(x− y)
.

Important examples of Fréchet spaces are Banach spaces, which are the ones where the
topology is defined by a single (semi-)norm. Also RN is a Fréchet space.

(b) Let E be a vector space which can be written as E =
⋃∞
n=1En, where En ⊆ En+1

are subspaces of E, endowed with structures of locally convex spaces in such a way that
the inclusion mappings En → En+1 are continuous. Then we obtain a locally convex vector
topology on E from the set P of all those seminorms p : E → R for which all restrictions p|En
are continuous. We call E the locally convex inductive limit (or direct limit) of the spaces
(En)n∈N.

Example 1.5. (a) Let X be a topological space. For each compact subset K ⊆ X we obtain
a seminorm pK on C(X,R) by

pK(f) := sup{|f(x)| : x ∈ K}.

The family P of these seminorms defines on C(X,R) the locally convex topology of uniform
convergence on compact subsets of X.

If X is compact, then we may take K = X and obtain a norm on C(X,R) which defines
the topology; all other seminorms pK are redundant. In this case C(X,R) is a Banach space.

(b) The preceding example can be generalized to the space C(X,V ), where X is a topo-
logical space and V is a locally convex space. Then we define for each compact subset K ⊆ X
and each continuous seminorm q on V a seminorm

pK,q(f) := sup{q(f(x)) : x ∈ K}.

The family of these seminorms defines a locally convex topology on C(X,V ) which is the
topology of uniform convergence on compact subsets of X.

(c) If X is locally compact and σ-compact, then there exists a sequence (Kn)n∈N of
compact subsets of X with

⋃
nKn and Kn ⊆ K0

n. Then each compact subset of X lies in
some Kn, so that each seminorm pK is dominated by some pKn . This implies that C(X,R)
is metrizable, and since it is also complete, it is a Fréchet space.
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Example 1.6. (a) Let U ⊆ Rn be an open subset and consider the algebra C∞(U,R).
For each multi-index m = (m1, . . . ,mn) ∈ N0 with |m| := m1 + . . . + mn we consider the
differential operator

Dm := Dm1
1 · · ·Dmn

n :=
∂|m|

∂m1
1 · · · ∂mnn

.

We now obtain for each m and each compact subset K ⊆ U a seminorm on C∞(U,R) by

pK,m(f) := sup{|Dmf(x)| : x ∈ K}.

The family of all these seminorms defines a locally convex topology on C∞(U,R). Since U
is locally compact and σ-compact (Exercise), the topology on C∞(U,R) can be defined by a
countable set of seminorms. Moreover, it is not hard to see that C∞(U,R) is complete with
respect to the corresponding metric, hence a Fréchet space.

(b) Let M be a smooth n-dimensional manifold and consider the vector space C∞(M,R).
To introduce a topology on this algebra, for each compact subset K ⊆ M for which there
exists a chart ϕ : U → Rn with K ⊆ U and for each multi-index m ∈ Nn0 , we define a
seminorm by

pK,m(f) := sup{|Dm(f ◦ ϕ−1)(x)| : x ∈ ϕ(K)}.
We thus obtain a natural Fréchet topology on C∞(M,R) which is called the topology of local
uniform convergence of all partial derivatives.

1.2 Smooth maps in infinite dimensions

As in finite dimensions, one defines an infinite dimensional Lie group as a smooth manifold
with a group structure for which multiplication and inversion are smooth maps. So the main
difference is to specify a suitable category of smooth manifolds. It seems that the most
general reasonable context for infinite dimensional Lie theory is the context of locally convex
manifolds, resp., smooth maps between open subset of locally convex manifolds. A survey
on locally convex Lie groups describing the state of the theory in the year 2006 is [Ne06] (see
[Ne04] for lectures notes concerning Banach–Lie groups).

First of all, we have to clarify the concept of a Ck-map, resp., a smooth map in this
context.

Definition 1.7. Let E and F be locally convex spaces, U ⊆ E open and f : U → F a map.
Then the derivative of f at x in the direction h is defined as

df(x)(h) := (∂hf)(x) :=
d

dt t=0
f(x+ th) = lim

t→0

1

t
(f(x+ th)− f(x))

whenever it exists. The function f is called differentiable at x if df(x)(h) exists for all h ∈ E.
It is called continuously differentiable, if it is differentiable at all points of U and

df : U × E → F, (x, h) 7→ df(x)(h)

is a continuous map. Note that this implies that the maps df(x) are linear (cf. [Ha82,
Thm. 3.2.5]). The map f is called a Ck-map, k ∈ N ∪ {∞}, if it is continuous, the iterated
directional derivatives

djf(x)(h1, . . . , hj) := (∂hj · · · ∂h1
f)(x)
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exist for all integers j ≤ k, x ∈ U and h1, . . . , hj ∈ E, and all maps
djf : U × Ej → F are continuous. As usual, C∞-maps are called smooth.

Definition 1.8. If E and F are complex locally convex spaces, then a map f is called
complex analytic, if it is continuous and for each x ∈ U there exists a 0-neighborhood V with
x + V ⊆ U and continuous homogeneous polynomials βk : E → F of degree k such that for
each h ∈ V we have

f(x+ h) =

∞∑
k=0

βk(h),

as a pointwise limit ([BoSi71]). The map f is called holomorphic if it is C1 and for each
x ∈ U the map df(x) : E → F is complex linear (cf. [Mil84, p. 1027]). If F is sequentially
complete, then f is holomorphic if and only if it is complex analytic (cf. [Gl02], [BoSi71,
Ths. 3.1, 6.4]).

Remark 1.9. There are various levels on which calculus in infinite dimensional spaces differs
from the familiar finite dimensional theory. For Banach spaces, the local existence and
uniqueness theory for ordinary differential equations and the Implicit Function Theorem
still works, but serious trouble comes from the fact that not every closed subspace of a
Banach space has a closed complement. Beyond Banach spaces, even the existence theory
of ODEs and the Inverse Function Theorem break down. However, as long as one is dealing
with structures where these tools are not needed, it makes good sense not to restrict one’s
attention to Banach spaces.

Since the Chain Rule is valid for smooth maps between open subsets of locally convex
spaces, we can define smooth manifolds as in the finite dimensional case.

Definition 1.10. Let M be a Hausdorff space and E a locally convex space. An E-chart of
M is a pair (ϕ,U) of an open subset U ⊆M and a homeomorphism ϕ : U → ϕ(U) ⊆ E onto
an open subset ϕ(U) of E. For k ∈ N0 ∪ {∞, ω}, two E-charts (ϕ,U) and (ψ, V ) are said to
be Ck-compatible if the maps

ψ ◦ ϕ−1|ϕ(U∩V ) : ϕ(U ∩ V )→ ψ(U ∩ V )

and ϕ ◦ ψ−1 are Ck, where k = ω stands for analyticity. Since compositions of Ck-maps are
Ck-maps, Ck-compatibility of E-charts is an equivalence relation.

An E-atlas of class Ck of M is a set A := {(ϕi, Ui) : i ∈ I} of pairwise compatible E-
charts of M with

⋃
i Ui = M . A smooth/analytic E-structure on M is a maximal E-atlas

of class C∞/Cω, and a smooth/analytic E-manifold is a pair (M,A), where A is a maximal
smooth/analytic E-atlas on M .

We call a manifold modeled on a locally convex, resp., Fréchet, resp., Banach space a
locally convex, resp., Fréchet, resp., Banach manifold.

Now it is clear how to define a locally convex smooth manifold, tangent vectors (as
equivalence classes of curves), tangent bundles, vector fields and in particular the Lie bracket
of smooth vector fields. Likewise analytic manifolds are defined by requiring the coordinate
changes to be analytic.
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1.3 Lie groups and their Lie algebras

Definition 1.11. A (locally convex) Lie group G is a group equipped with the structure of
a locally convex manifold for which the group multiplication

mG : G×G→ G, (g, h) 7→ gh

and the inversion
ηG : G→ G, g 7→ g−1

are smooth maps.
If G is modeled on a Fréchet, resp., a Banach space, then G is called a Fréchet-, resp., a

Banach–Lie group.
Notation: We write 1 ∈ G for the identity element and

λg(x) = gx resp., ρg(x) = xg

for the left, resp., right multiplication on G.

Definition 1.12. (Left invariant vector fields) Each x ∈ T1(G) corresponds to a unique left
invariant vector field xl with xl(g) := g · x := T1(λg)x, g ∈ G. The space of left invariant
vector fields is closed under the Lie bracket of vector fields, hence inherits a Lie algebra
structure.

Proposition 1.13. (The Lie algebra of a Lie group) The tangent space g := T1(G) in 1
carries a continuous Lie bracket which is uniquely determined by

[x, y]l = [xl, yl] for x, y ∈ g,

resp.,
[x, y] = [xl, yl](1) for x, y ∈ g.

We call L(G) := (g, [·, ·]) the Lie algebra of G.

Lemma 1.14. (Functoriality of the Lie algebra) If ϕ : G1 → G2 is a morphism of Lie groups,
i.e., a smooth homomorphism, then the tangent map in the identity

L(ϕ) = T1(ϕ) : L(G1)→ L(G2)

is a morphism of Lie algebras. We thus obtain a functor G 7→ L(G), ϕ 7→ L(ϕ) from the
category of locally convex Lie groups to the category of locally convex topological Lie algebras.

Remark 1.15. Sometimes it is more convenient to calculate the Lie bracket on g = T1(G)
directly from a local chart ϕ : U → G, where U ⊆ g is an open 0-neighborhood and ϕ(0) = 1.
Then we obtain a locally defined smooth multiplication

x ∗ y := ϕ−1(ϕ(x)ϕ(y)).

One can show that its second order Taylor polynomial in (0, 0) has the form

T 2
(0,0)(x, y) = x+ y + b(x, y),

where b : g× g→ g is a continuous bilinear map. This map need not be skew-symmetric, but
the Lie bracket can be recovered from this map by the formula

[x, y] = b(x, y)− b(y, x).
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The following theorem shows that Lie group structures on a group can be specified entirely
in terms of local data ([Ne06, Thm. II.2.1]):

Theorem 1.16. Let G be a group and U = U−1 a symmetric subset containing 1. We
further assume that U is a smooth manifold and that

(L1) D := {(x, y) ∈ U × U : xy ∈ U} is an open subset and the multiplication mU : D →
U, (x, y) 7→ xy is smooth,

(L2) the inversion map ηU : U → U, u 7→ u−1 is smooth, and

(L3) for each g ∈ G there exists an open 1-neighborhood Ug ⊆ U with cg(Ug) ⊆ U and such
that the conjugation map

cg : Ug → U, x 7→ gxg−1

is smooth.

Then there exists a unique structure of a Lie group on G such that the inclusion map U ↪→ G
is a diffeomorphism onto an open subset of G.

If, in addition, U generates G, then (L1/2) imply (L3).

Definition 1.17. (a) The adjoint action of G on L(G) is defined by Ad(g) := L(cg), where
cg(x) = gxg−1. This action is smooth and each Ad(g) is a topological isomorphism of L(G).

(b) The coadjoint action on the topological dual space L(G)′ is defined by

Ad∗(g)α := α ◦Ad(g)−1.

The maps Ad∗(g) are continuous with respect to the weak-∗-topology on L(G)′ and all orbit
maps for Ad∗ are smooth, so that the coadjoint action

Ad∗ : G× g′ → g′, (g, α) 7→ Ad∗(g)α = α ◦Ad(g)−1

is smooth in each argument separately. However, in general it is not continuous (Example 1.18
below).

Example 1.18. Let V be a locally convex space and αt(v) := etv. Then the semidirect
product

G := V oα R, (v, t)(v′, t′) = (v + etv′, t+ t′)

is a Lie group.
From c(v,t)(w, s) = ((1− es)v + etw, s) we derive that

Ad(v, t)(w, s) = (etw − sv, s).

Accordingly, we obtain

Ad∗(v, t)(α, u) = (e−tα, u+ e−tα(v)).

If Ad∗ is continuous, restriction to t = 1 implies that the evaluation map

V ′ × V → R, (α, v) 7→ α(v)
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is continuous, but w.r.t. the weak-∗-topology on V ′, this happens if and only if V is finite
dimensional. Therefore Ad∗ is not continuous if dimV =∞.1

Definition 1.19. A smooth map expG : L(G)→ G is called an exponential function if each
curve γx(t) := expG(tx) is a one-parameter group with γ′x(0) = x. Not every infinite dimen-
sional Lie group has an exponential function ([Ne06, Ex. II.5.5]), but exponential functions
are unique whenever they exist.2

Definition 1.20. The Lie group G is said to be locally exponential if it has an exponential
function exp: g → G for which there is an open 0-neighborhood U in g mapped diffeomor-
phically onto an open subset of G.

If, in addition, G is analytic and the exponential function is an analytic local diffeomor-
phism in 0, then G is called a BCH–Lie group. Then the Lie algebra g is a BCH–Lie algebra,
i.e., there exists an open 0-neighborhood U ⊆ g such that, for x, y ∈ U , the BCH series

x ∗ y = x+ y +
1

2
[x, y] + · · ·

converges and defines an analytic function U × U → g, (x, y) 7→ x ∗ y. The class of BCH–Lie
groups contains in particular all Banach–Lie groups and hence all finite dimensional ones.
([Ne06, Prop. IV.1.2]).

2 Examples of Lie groups

In this section we briefly discuss various classes of examples of infinite dimensional Lie groups.

2.1 Vector groups

Example 2.1. For each locally convex space E, the additive group G := (E,+) is an abelian
Lie group with respect to addition and the obvious manifold structure. Its Lie algebra g = E
is abelian with [x, y] = 0 for x, y ∈ g, and expG = idE is an exponential function.

Example 2.2. (Semidirect products defined by one-parameter groups)
(a) A more interesting class of groups is obtained by starting with a one-parameter group

α : R→ GL(V ) of invertible operators on a locally convex space for which the corresponding
action map R× V → V, (t, v) 7→ αtv is smooth. Then

G := V oα R, (v, t)(v′, t′) = (v + αtv
′, t+ t′)

is a Lie group.
If Dv = d

dt |t=0 αtv is the infinitesimal generator of α (which determines α uniquely by
Proposition 3.5 below), then the second order term in the product is given by

b((v, t), (v′, t′)) = (tDv′, 0),

1One can ask more generally, for which locally convex spaces V and which topologies on V ′ the evaluation
map V × V ′ → R is continuous. This happens if and only if the topology on V can be defined by a norm,
and then the operator norm turns V ′ into a Banach space for which the evaluation map is continuous.

2Presently, all known examples of Lie groups G whose Lie algebra g is complete possess an exponential
function. However, it is an important open problem to find a general proof.
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so that the Lie bracket on g = V × R has the form

[(v, t), (v′, t′)] = (tDv′ − t′Dv, 0).

The exponential function of G has the form

expG(v, t) = (β(t)v, t) with β(t)v =

∫ 1

0

α(st)v ds.

(b) A very concrete example is obtained from V = R and αtv = etv. Then G = R oα R
is (up to isomorphism) the unique 2-dimensional non-abelian Lie group. Its exponential
function is given by

expG(v, t) =
(et − 1

t
v, t
)
.

2.2 Continuous inverse algebras and groups of operators

Vector groups (E,+) form the most elementary Lie groups. The next natural class are unit
groups of algebras. This leads us to the concept of a continuous inverse algebra.

Definition 2.3. A locally convex algebra is a locally convex space A, endowed with an
associative continuous bilinear multiplication A × A → A, (a, b) 7→ ab. A unital locally
convex algebra A is called a continuous inverse algebra (cia for short) if its unit group A× is
open and the inversion is a continuous map A× → A, a 7→ a−1.

Example 2.4. Let A be a real continuous inverse algebra and G := A× be its unit group. As
an open subset of A, the group A× carries a natural manifold structure. The multiplication
on A is bilinear and continuous, hence a smooth map. Therefore the multiplication of A× is
smooth. One can further show quite directly that the continuity of the inversion ηA : A× →
A×, a 7→ a−1 implies that

dηA(x)(y) = −x−1yx−1

exists for each pair (x, y) ∈ A× ×A, and this formula implies inductively that ηA is smooth
and hence that A× is a Lie group.

Its Lie algebra is most easily obtained with Remark 1.15. We consider the chart

ϕ : A× − 1→ A×, ϕ(x) = 1 + x.

Then
x ∗ y := ϕ−1(ϕ(x)ϕ(y)) = (1 + x)(1 + y)− 1 = x+ y + xy,

so that the Lie bracket of g = A is the commutator bracket:

[x, y] = xy − yx.

If A is complete, then one can show that the exponential series defines an analytic expo-
nential function

exp: A → A×, exp(x) :=

∞∑
n=0

xn

n!
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which has a local inverse given by the series

log(1 + x) =

∞∑
n=1

(−1)n+1

n
xn.

From that one can derive that A× actually is a BCH–Lie group.

Example 2.5. (a) Concrete examples of continuous inverse algebras arise for A = Mn(R)
(real n× n-matrices) and A× = GLn(R).

(b) More generally, the algebra B(E) of continuous linear operators on a Banach space E
is a unital Banach algebras w.r.t. the operator norm and B(E)× = GL(E) is a Banach–Lie
group.

Example 2.6. (The unitary group of a Hilbert space) Let H be a Hilbert space and

U(H) := {g ∈ GL(H) : g∗ = g−1}

denote its unitary group, endowed with the norm topology. This is a closed subgroup of the
unit group GL(H) of the cia B(H), which is a locally exponential Lie group. One can apply
Theorem 1.16 to a 1-neighborhood of the form

Uε := exp(Vε), Vε := {x ∈ u(H) : ‖x‖ < ε}

in U(H), once one has verified that this is actually is a 1-neighborhood and exp |Vε maps Vε
homeomorphically onto Uε. It then follows that U(H) is a locally exponential Lie group with
Lie algebra

u(H) := {X ∈ B(H) : X∗ = −X}.

In a suitable sense U(H) is a submanifold of GL(H), resp., B(H).

Example 2.7. (Schatten class groups) If H is a real or complex Hilbert space and Bp(H)
denotes the p-Schatten ideal (p ≥ 1) with the norm ‖A‖p := tr((A∗A)p/2)1/p, then

Up(H) := U(H) ∩ (1 +Bp(H))

is a Banach–Lie group with Lie algebra

up(H) := u(H) ∩Bp(H)

(cf. [Mick89], [Ne04]).
For p =∞ we put B∞(H) := K(H) (the ideal of compact operators), endowed with the

operator norm, and obtain a Lie group

U∞(H) := U(H) ∩ (1 +K(H)).

2.3 Direct limit Lie groups

A quite natural method to obtain infinite dimensional groups from finite dimensional ones is
to consider a sequence (Gn)n∈N of finite dimensional Lie groups and morphisms (=smooth
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homomorphisms) ϕn : Gn → Gn+1, so that we can define a direct limit group G := lim
−→

Gn

whose representations correspond to compatible sequences of representations of the groups
Gn. According to a theorem of Glöckner [Gl05], the direct limit group G can always be
endowed with a natural Lie group structure. Its Lie algebra g = L(G) is the countably
dimensional direct limit space lim

−→
L(Gn), endowed with the finest locally convex topology.

This provides an interesting class of infinite dimensional Lie groups which is still quite close
to finite dimensional groups and has a rich representation theory ([DiPe99, NRW01, Wo05]).

Example 2.8. (a) For Gn := Un(C) and the natural inclusions

Gn ↪→ Gn+1, g 7→
(
g 0
0 1

)
we obtain the group

U∞(C) := lim
−→

Un(C),

which can be represented as the group of all infinite matrices g = (gij)i,j∈N for which g − 1
has only finitely many non-zero entries and gg∗ = g∗g = 1.

There are many variants of this example, which leads to a Lie group structure on GL∞(K)
for K ∈ {R,C,H}, Op,∞(R), Sp∞(K) etc.

(b) A unitary group of a quite different nature is obtained from Gn := U2n(C) and the
inclusions

Gn ↪→ Gn+1, g 7→
(
g 0
0 g

)
.

Example 2.9. Let E := C(N) be the free vector space with basis (en)n∈N and D ∈ End(E)
be defined by D(en) = 2πinen. Then the Lie algebra g := E oD R is locally finite and we
obtain a corresponding Lie group G = E oα R, where α(t) = etD (which can be defined by
the exponential series). The exponential function of G has the form

expG(v, t) = (β(t)v, t) with β(t)v =

∫ 1

0

estDv ds =

∞∑
n=0

tn

(n+ 1)!
Dn =:

etD − 1

tD

(cf. Example 2.2(a)). Then β( 1
n )en = 0 implies that the sequence (0, 1

n )n∈N consists of singu-
lar points for the exponential function. In particular, the group G is not locally exponential.

2.4 Groups of smooth maps

Let M be a compact smooth manifold and K be a Lie group with Lie algebra k. Then we
obtain a Lie group structure on the group G := C∞(M,K) of smooth maps M → K with
the pointwise defined multiplication

(fg)(m) := f(m)g(m)

as follows. The model space is g := C∞(M, k). The charts of G are obtained from those of K
as follows. If ϕK : UK → k is a chart of K, i.e., a diffeomorphism of an open subset UK ⊆ K
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onto an open subset ϕ(UK) of k, then the set UG := {f ∈ G : f(M) ⊆ UK} is an open subset
of G. Assume, in addition, that 1 ∈ UK . Then we use the map

ϕG : UG → g, f 7→ ϕK ◦ f

as a chart of a 1-neighborhood of G to obtain a Lie group structure by Theorem 1.16.

Lemma 2.10. If K is locally exponential, then so is C∞(M,K). This is in particular the
case if K is finite dimensional or Banach.

To calculate the Lie algebra of this group, we observe that, for m ∈ M , we have for the
multiplication in local coordinates

(f ∗G g)(m) = ϕG

(
ϕ−1
G (f)ϕ−1

G (g)
)

(m) = ϕK
(
ϕ−1
K (f(m))ϕ−1

K (g(m))
)

= f(m) ∗K g(m) = f(m) + g(m) + bk(f(m), g(m)) + · · · .

In view of Remark 1.15, this implies that
(
bg(f, g)

)
(m) = bk(f(m), g(m)), and hence that

[f, g](m) = bg(f, g)(m)− bg(g, f)(m) = bk(f(m), g(m))− bk(g(m), f(m)) = [f(m), g(m)].

Therefore L(C∞(M,K)) = C∞(M, k), endowed with the pointwise defined Lie bracket:

[f, g](m) = [f(m), g(m)] for m ∈M.

Remark 2.11. If M is a non-compact finite dimensional manifold, then one cannot expect
the topological groups C∞(M,K) to be Lie groups. A typical example arises for M = N (a
0-dimensional manifold) and K = T := R/Z. Then C∞(M,K) ∼= TN is a topological group
for which no 1-neighborhood is contractible, so that it carries no smooth manifold structure.

2.5 Diffeomorphism groups

The group Diff(M) of diffeomorphisms of a compact manifold M is a Lie group with respect
to the group structure defined by ϕ ·ψ := ψ ◦ϕ. For methods to obtain charts of these groups
we refer to [Mil84] or [Ne06].

Its Lie algebra is the space V(M) of smooth vector fields on M with respect to the natural
Lie bracket. In particular, we obtain a representation of Diff(M) on the space C∞(M) of
smooth real-valued functions on M by

(π(g)f)(m) := f(g(m)),

and the derived representation is given by

(dπ(X)f)(m) = df(m)X(m) = (Xf)(m).

The use of the opposite group structure simplifies many formulas and minimizes the
number of negative signs.

The exponential function is given by the time 1-flow

exp: V(M)→ Diff(M), exp(X) = ΦX1 ,

where (ΦXt )t∈R is the global flow on M generated by the vector field X.
Note that groups of diffeomorphisms are not locally exponential, so that the exponential

function can not be used to obtain local charts (see [Mil84] for M = S1 and [Gr88] for the
general case).
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3 Representations on locally convex spaces

Definition 3.1. If V is a locally convex space and G a Lie group, then a representation of
G on V is a homomorphism π : G → GL(V ). In the following we also call the pair (π, V ) a
representation of G on V .

A key point in Lie theory is to analyze representations of Lie groups in terms of repre-
sentations of Lie algebras because these are often easier to handle. They are linear objects,
whereas the groups and representations of groups are non-linear objects. For this to work
nicely, it is important that the group GL(V ) also carries a Lie group structure, so that
we can study representations as morphisms of Lie groups π : G → GL(V ). Unfortunately,
a natural Lie group structure on GL(V ) exists only if V is a Banach space. In this case
GL(V ) = B(V )× is the unit group of the Banach algebra B(V ) (Example 2.5(b)). But it
turns out that in many contexts to require smoothness or even continuity of a representation
π : G→ GL(V ) with respect to the operator norm on B(V ) is much too restrictive. Therefore
one has to deal with representations π : G→ GL(V ), which are discontinuous with respect to
the operator norm. A suitable way out of this dilemma is that one requires the action map

G× V → V, (g, v) 7→ π(g)v

to be continuous. This is a much weaker requirement and sufficiently general. It implies in
particular that all orbit maps

πv : G→ V, πv(g) := π(g)v

are continuous. However, continuity of the action map still does not imply smoothness and
to apply Lie theoretic tools smoothness is crucial. This is achieved by asking for the space

V∞ := {v ∈ V : πv ∈ C∞(G,V )}

of smooth vectors to be dense in V .

Definition 3.2. A representation (π, V ) is called smooth if the subspace V∞ is dense in V .

Remark 3.3. The subspace V∞ is invariant under π(G): For h ∈ G and v ∈ V∞ we have

ππ(h)v(g) = πv(gh),

so that π(h)v ∈ V∞.

Lemma 3.4. On V∞ we obtain by

dπ(x)v := T1(πv)(x) for v ∈ V∞,

a linear operator
dπ(x) : V∞ → V∞.

Then dπ : g→ End(V∞) is a representation of g.
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Proof. (cf. [Ne01, Rem. IV.2]) To see that dπ(x) maps V∞ into itslef, we first observe that,
for v ∈ V∞ and g, h ∈ G, the relation πv(gh) = π(g)πv(h) implies that

(xlπ
v)(g) = Tg(π

v)(g · x) = π(g)dπ(x)v, (1)

where xl(g) = g · x is the left invariant vector field on G corresponding to x ∈ g. This shows
that dπ(x)v ∈ V∞.

To see that dπ is a representation, we consider the map

Γ: V∞ → C∞(G,V ), Γ(v) = πv.

Then Γ is injective (its inverse is given by evaluation in 1) and (1) yields

Γ(dπ(x)v) = xlΓ(v).

This implies that

Γ(dπ([x, y])v) = [x, y]lΓ(v) = xlylΓ(v)− ylxlΓ(v)

= Γ(dπ(x)dπ(y)v − dπ(y)dπ(x)v) = Γ([dπ(x), dπ(y)]v).

Now the assertion follows from the injectivity of Γ.

One can even go further and show that, for connected Lie groups, smooth representations
are determined by their derived representations. The following proposition can be derived
from refinements of the uniqueness of solutions of linear ordinary differential equations (see
[Ne06, Lemma II.3.10] for more details and generalizations to the non-linear setting).

Proposition 3.5. If G is connected and (π1, V ) and (π2, V ) are two smooth representations
of G on V with the same derived representation, then π1 = π2.

Proof. Let g ∈ G and γ : [0, 1] → G be a smooth curve from 1 to g. We consider the right
logarithmic derivative

ξ(t) := γ′(t) · γ(t)−1 ∈ T1(G) ∼= g.

For v ∈ V , the curve α(t) := π1(γ(t))v then satisfies the differential equation

α′(t) = dπ1(ξ(t))π1(γ(t))v = dπ1(ξ(t))α(t).

Further, the curve δ(t) := π2(γ(t))−1α(t) satisfies

δ′(t) = −π2(γ(t))−1dπ2(ξ(t))α(t) + π2(γ(t))−1α′(t)

= π2(γ(t))−1(−dπ2(ξ(t)) + dπ1(ξ(t))α(t) = 0.

Therefore δ is constant, which leads to π2(g) = π1(g).

Remark 3.6. It is interesting that, in the preceding context, the ODEs

α′(t) = dπ(ξ(t))α(t)

still have unique solutions with the initial value α(0) = v. The crucial point is that there
exists one of the form α(t) = π(γ(t))v, where π is a smooth representation.
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The preceding proof also suggests how to find a group representation π once the repre-
sentation β : g → End(V ) of the Lie algebra g = L(G) is given. One has to solve the initial
value problem

α(0) = v, α′(t) = β(ξ(t))α(t), 0 ≤ t ≤ 1.

In general, there is no solution, as the following examples show. For an exploitation of this
approach for unitary representations of certain types of Lie groups, see [TL99].

Example 3.7. (A linear ODE without solutions; [Mil84]) We identify E := C∞(S1,C) with
the space of 2π-periodic smooth functions on the real line. We consider the linear operator
Df := −f ′′ and the corresponding linear initial value problem

γ̇(t) = Dγ(t), γ(0) = v0 (2)

with constant coefficients. Here this is the heat equation with reversed time. If γ is a
solution and γ(t)(x) =

∑
n∈Z an(t)einx its Fourier expansion, then a′n(t) = n2an(t) for each

n ∈ Z leads to an(t) = an(0)etn
2

. If the Fourier coefficients an(0) of γ0 do not satisfy∑
n |an(0)|eεn2

< ∞ for any ε > 0 (which need not be the case for a smooth function γ0).
Therefore (2) does not have a solution on [0, ε].

Example 3.8. (A linear ODE with multiple solutions) (cf. [Ha82, 5.6.1], [Mil84]) We give
an example of a linear ODE for which solutions to initial value problems exist, but are not
unique. We consider the Fréchet space E := C∞([0, 1],R) of smooth functions on the closed
unit interval, and the continuous linear operator Df := f ′ on E. We are asking for solutions
of the initial value problem (2). As a consequence of E. Borel’s Theorem that each power
series is the Taylor series of a smooth function, each v0 ∈ E has an extension to a smooth
function on R. Let h be such a function and consider the curve

γ : R→ E, γ(t)(x) := h(t+ x).

Then γ(0) = h|[0,1] = v0 and γ̇(t)(x) = h′(t + x) = γ(t)′(x) = (Dγ(t))(x). It is clear that
these solutions of (2) depend on the choice of the extension h of v0.

Combining this with the uniqueness assertion from Proposition 3.5, it follows that there
exists no smooth representation π of R on E with D = dπ(1), i.e., π(t) = etD.

The uniqueness results in Proposition 3.5 has interesting consequences. Applied to the
adjoint representation of a connected Lie group, it implies in particular:

Proposition 3.9. A connected Lie group G is abelian if and only if its Lie algebra g is
abelian, i.e., [x, y] = 0 for x, y ∈ g.

Proof. Here the main point is to show that

dAd(x)y = [x, y] for x, y ∈ g

([Ne06, Ex. II.3.9]). The Proposition 3.5 applies with π1 = Ad and π2 = 1.

Remark 3.10. (Smooth orbit maps on V∞) Let π : G→ GL(V ) be a representation of the
Lie group G on V and V∞ ⊆ V be the subspace of smooth vectors. We refine the topology
on V∞ by endowing it with the topology obtained from the embedding

V∞ ↪→ V × V g, v 7→
(
v, (dπ(x)v)x∈g

)
.
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If V is defined by the set P of seminorms, this means that we add the seminorms of the form

px(v) := p(dπ(x)), x ∈ g, p ∈ P.

From px(π(g)v) = p(dπ(x)π(g)v) = p(π(g)dπ(Ad(g)−1x)v) it follows that the set of all these
seminorms is invariant under composition with the operators π(g), so that the induced maps
π∞(g) := π(g)|V∞ ∈ GL(V∞) are continuous. We thus obtain a representation π∞ of G on
V∞. What we have achieved by this refinement of the topology is that the orbit maps for
this new topology are all smooth. In fact, if xr(g) = x · g is the right invariant vector field
on G corresponding to x ∈ g, then we have for v ∈ V∞ the relation

dπ(x) ◦ πv = Rxπ
v : G→ V,

showing that all maps dπ(x)◦πv : G→ V are smooth. This implies that the map πv : G→ V∞

is smooth.

4 Smooth unitary representations

One of the most important classed of representations of Lie groups are unitary representa-
tions. This is largely due to the fact that symmetry groups of quantum mechanical systems
are modeled by unitary representations of Lie groups.

4.1 Two topologies on the unitary group

We have already discussed the problem to find suitable smoothness and continuity require-
ments for representations. For unitary representations π : G → U(H) on a Hilbert space
H, the norm topology defines a Lie group structure on U(H). Representations which are
continuous with respect to this topology on U(H) are called bounded or norm continuous.
This is a rather strong requirement and it is more natural to require only continuity of the
corresponding G-action on H. This turns out to be equivalent to the continuity of π with
respect to the strong operator topology on U(H), which is the coarsest topology for which all
the maps

U(H)→ H, g 7→ gv, v ∈ H,

are continuous. As we shall see below, this topology turns U(H) into a topological group
U(H)s, so that the continuity of a unitary representation is equivalent to the continuity of
the homomorphism

π : G→ U(H)s

of topological groups.
As we shall see below, to study unitary representations, it is of central importance to have

a rich supply of one-parameter groups. We therefore assume in the following that G
has an exponential function.

Lemma 4.1. The unitary group U(H) of a Hilbert space is a topological group with respect
to the strong operator topology.

We write U(H)s for this topological group.
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Proof. The continuity of the multiplication in U(H)s follows from the estimate

‖g′h′v − ghv‖ = ‖g′(h′ − h)v + (g′ − g)hv‖ ≤ ‖g′(h′ − h)v‖+ ‖(g′ − g)hv‖
= ‖(h′ − h)v‖+ ‖(g′ − g)hv‖.

This expression tends to zero for g′ → g and h′ → h in the strong operator topology.
Next we observe that, for v ∈ H and g, h ∈ U(H), we have

‖h−1v − g−1v‖2 = ‖h−1v‖2 + ‖g−1v‖2 − 2 Re〈h−1v, g−1v〉 = 2‖v‖2 − 2 Re〈gh−1v, v〉.

To verify the continuity of the inversion, it therefore suffices to observe that gj → g implies
〈gjg−1v, v〉 → 〈v, v〉 for every v ∈ H, so that g−1

j → g−1 holds in the strong operator
topology.

Remark 4.2. (a) If dimH <∞, then the norm topology and the strong operator topology
coincide on B(H), hence in particular on U(H).

(b) If dimH = ∞, then the strong operator topology on U(H) is strictly weaker than
the norm topology. In fact, let (ei)i∈I be an orthonormal basis of H. Then I is infinite, so
that we may w.l.o.g. assume that N ⊆ I. For each n we then define the unitary operator
gn ∈ U(H) by gnei := (−1)δinei. For n 6= m, we then have

‖gn − gm‖ ≥ ‖(gn − gm)en‖ = ‖ − 2en‖ = 2,

and
gnv − v = −2〈v, en〉en → 0

implies that limn→∞ gn = 1 in U(H)s.

4.2 The derived representation

Definition 4.3. (a) A unitary representation of G is a pair (π,H) of a complex Hilbert space
H and a group homomorphism π : G→ U(H). We write

H∞ := {v ∈ H : πv ∈ C∞(G,H)}

for the subspace of smooth vectors and say that (π,H) is smooth if H∞ is dense in H.
(c) If D is a pre-Hilbert space, then we write

u(D) := {A ∈ End(D) : (∀v, w ∈ D) 〈Av,w〉 = −〈v,Aw〉}

for its unitary Lie algebra.
If g a Lie algebra, then a homomorphism β : g→ u(D) is called an (infinitesimally) unitary

representation of g on D.

On H∞ the derived representation dπ of the Lie algebra g = L(G) is defined by

dπ(x)v :=
d

dt t=0
π(expG tx)v.

Lemma 4.4. dπ : g→ End(H∞) is an infinitesimally unitary representation of g on H∞.
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Proof. (cf. [Ne01, Rem. IV.2]) The unitarity of π immediately implies that dπ(x) ∈ u(H∞)
for every x ∈ g. That dπ is a homomorphism of Lie algebras follows from Lemma 3.4.

Remark 4.5. If (π,H) is a smooth unitary representation, then the invariance of H∞ under
π(G), resp., the one-parameter group πx(t) := π(exp tx), implies that the operator −idπ(x)
on this space is essentially selfadjoint and that its closure A := −idπ(x) is the infinitesimal
generator of the unitary one-parameter group πx in the sense of Stone’s Theorem B.14:

πx(t) = π(exp tx) = etdπ(x) for t ∈ R.

Example 4.6. For G = R we can write every continuous unitary representation as

π(t) = eitA :=

∫
R
eitx dP (x),

where P : B(R) → B(R) is a spectral measure satisfying Av =
∫
R x dP (x)v for v ∈ D(A).

Then D(A) is the space of C1-vectors for π, and by taking higher derivatives, one shows that

H∞ =
⋂
n∈N
D(An) =

{
v ∈ H : (∀n ∈ N)

∫
R
x2n dP v(x) <∞

}
.

From this characterization, it follows in particular that H∞ = H if Spec(A) = supp(P )
is a bounded subset of R. Then A is a bounded operator and π is given by the convergent
exponential series

π(t) =

∞∑
n=0

(it)n

n!
An,

which implies that π is norm-continuous. One can also show that the converse, namely that
the norm continuity of π implies the boundedness of A.

Remark 4.7. (a) If (π,H) is a smooth unitary representation, then the space

Hc := {v ∈ H : πv ∈ C(G,H)} ⊇ H∞

of continuous vectors is dense, and since this space is closed (by the uniform boundedness of
π(G)), it follows that H = Hc. This in turn implies that the G-action on H is continuous.
This means that smooth representations are in particular continuous.

(b) If G is finite dimensional, then G̊arding’s Theorem asserts that every continuous
unitary representation of G is smooth. However, this is false for infinite dimensional Lie
groups. The representation of the additive Banach–Lie group G := L2([0, 1],R) on H =
L2([0, 1],C) by π(g)f := eigf is continuous with H∞ = {0} ([BN08]; see also [Ne10] for more
examples).

4.3 Momentum sets and semiboundedness

In this section we introduce the concept of a semibounded unitary representation of a Lie
group G. A key tool to study these representations is the momentum map Φ: P(H∞)→ g′.
If G is a Banach–Lie group, Theorem 4.11 below shows that this map is also a momentum
map in the classical sense of differential geometry, but it makes sense for any locally convex
group G.
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Definition 4.8. Let (π,H) be a smooth unitary representation of G. We write

P(H∞) = {[v] := Cv : 0 6= v ∈ H∞}

for the projective space of the subspace H∞ of smooth vectors. The map

Φπ : P(H∞)→ g′ with Φπ([v])(x) =
〈−idπ(x)v, v〉
〈v, v〉

is called the momentum map of the unitary representation π. The right hand side is well
defined because it only depends on [v] = Cv. The operator −idπ(x) is symmetric so that the
right hand side is real, and since v is a smooth vector, it defines a continuous linear functional
on g.

We also observe that we have a natural action of G on P(H∞) by g[v] := [π(g)v], and the
relation

π(g)dπ(x)π(g)−1 = dπ(Ad(g)x)

immediately implies that Φπ is equivariant with respect to the coadjoint action of G on g′.

Remark 4.9. We take a brief look at the quantum mechanical interpretation of elements of
P(H) as states and of selfadjoint operators as observables of a quantum mechanical system.
This discussion provides important intuition concerning the momentum map of unitary rep-
resentations because momentum maps usually assign observables of a mechanical system to
elements of a Lie algebra.

(a) Let A : D(A)→ H be a selfadjoint operator on the Hilbert space H (cf. Definition B.1)
and 0 6= v ∈ D(A). Then we call

EA([v]) :=
〈Av, v〉
〈v, v〉

the expectation value of the operator A (interpreted as an observable) in the state [v] ∈ P(H).
If P : B(R)→ B(H) is the spectral measure of the operator A specified uniquely by

〈Av, v〉 =

∫
R
xdP v(x) for v ∈ D(A)

(Theorem B.9), then the measure P v(E) := 〈P (E)v, v〉 is a probability measures if v is a
unit vector. Then

EA([v]) =

∫
R
x dP v(x)

is the expectation value of the measure P v.
(b) The measure P v is a point measure δλ concentrated in λ ∈ R if and only if 1 =

P v({λ}) = 〈P ({λ})v, v〉, which means that f ∈ P ({λ})H. This in turn means that Av = λv,
i.e., that v is an eigenvector of A with eigenvalue λ. In this case we clearly have EA([v]) = λ.

(c) If µ is a measure on R and H = L2(R, µ), then we obtain a unitary one-parameter
group on H by

(Utf)(x) := eitxf(x).
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Its selfadjoint generator A is given by

D(A) :=
{
f ∈ H :

∫
R
x2|f(x)| dµ(x) <∞

}
and (Af)(x) = xf(x) for f ∈ D(A).

Accordingly, we obtain for every unit vector f ∈ D(A) the expectation value

EA([f ]) =

∫
R
x|f(x)|2 dµ(x)

of the probability measure |f |2µ. The corresponding spectral measure is given by

P (E)f = χEf, where χE(x) =

{
1 for x ∈ E
0 else

is the characteristic function of the subset E ⊆ R. This implies that P f (E) = 〈P (E)f, f〉 =∫
E
|f(x)|2 dµ(x), i.e., P f = |f |2µ.

To explain why Φπ is called a momentum map, we first recall the definition of a Hamil-
tonian action:

Definition 4.10. Let σ : G×M →M be a smooth action of the Lie group G on the smooth
manifold M (neither is assumed to be finite dimensional) and suppose that ω is a G-invariant
closed 2-form on M . Then this action is said to be Hamiltonian if there exists a map

J : g→ C∞(M,R) with dJx = iσ̇(x)ω

for the derived Lie algebra homomorphism

σ̇ : g→ V(M), σ̇(x)p = −T(1,p)(σ)(x, 0).

The map
Φ: M → g′,Φ(m)(x) := Jx(m)

is then called the corresponding momentum map. Of particular interest are momentum maps
which are equivariant with respect to the coadjoint action.

Theorem 4.11. Let (π,H) be a unitary representation of a Banach–Lie group G. Then the
seminorms

pn(v) := sup{‖dπ(x1) · · · dπ(xn)v‖ : xi ∈ g, ‖xi‖ ≤ 1}

define on H∞ the structure of a Fréchet space with respect to which the action of G is smooth.
Accordingly, the projective space P(H∞) carries the structure of a complex Fréchet manifold
on which G acts smoothly by holomorphic maps. The Fubini–Study metric on P(H) induces
on P(H∞) the structure of a weak Kähler manifold whose corresponding weak symplectic form
Ω is given for any unit vector v ∈ H∞ by

Ω[v](Tv(q)x, Tv(q)y) = −2 Im〈x, y〉 for x, y ∈ v⊥,

where q : H∞ \ {0} → P(H∞), w 7→ [w], is the canonical projection. With respect to this
symplectic form, the action of G on P(H∞) is Hamiltonian with momentum map Φπ.
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Proof. The smoothness of the action of G on H∞ follows from [Ne10, Thm. 4.4]. This implies
that the natural charts

qv : v⊥ → P(H), h 7→ [v + h]

define on P(H∞) a complex manifold structure for which G acts smoothly by holomorphic
maps (see [Ne01, Prop. V.2] for details). Moreover, the Fubini–Study metric on P(H) restricts
to a (weak) Kähler metric on P(H∞) which is invariant under the G-action. It is determined
by the property that the projection map q satisfies for any unit vector v and x, y ∈ v⊥ the
relation

〈Tv(q)x, Tv(q)y〉 = 〈x, y〉.

In particular, we see that Ω defines a weak symplectic 2-form on P(H∞) (cf. [MR99, Sect. 5.3]).
For x ∈ g, the smooth function

Hx([v]) :=
〈−idπ(x)v, v〉
〈v, v〉

on P(H∞) now satisfies for y ∈ v⊥ and ‖v‖ = 1:

dHx([v])(Tv(q)y) = 2 Re〈−idπ(x)v, y〉 = 2 Im〈dπ(x)v, y〉
= −Ω[v](Tv(q)dπ(x)v, Tv(q)y),

i.e., dHx = iXΩ for the smooth vector field on P(H∞) defined by

X([v]) := −Tv(q)dπ(x)v = σ̇(x)([v]).

This means that the action of G on P(H∞) is Hamiltonian and Φπ : P(H∞) → g′ is a
corresponding momentum map.

The main point of the preceding theorem is that it provides for any Banach–Lie group
a natural analytic setup for which the momentum map Φπ really is a momentum map for
a smooth action on a weak symplectic manifold. The corresponding result for the action of
the Banach–Lie group U(H) on P(H) is well-known (cf. [MR99, Ex. 11.4(h)]). Most of the
structure from the preceding theorem is still around in more general contexts, where we don’t
have a topology on H∞ for which the G-action is smooth.

Remark 4.12. (a) If A : D(A)→ H is a selfadjoint operator, then

HA([v]) :=
〈Av, v〉
〈v, v〉

defines a function P(D(A)) → R. Endowing D(A) with the graph topology defined by the
norm ‖v‖2A := ‖v‖2 + ‖Av‖2, the function HA is smooth, and we also obtain the relation

dHA = iXAΩ,

for the vector field XA([v]) := dq(v)(−iAv). Note that this vector field is not tangential to
P(D(A)). Only on the smaller subspace P(D∞(A)) it becomes tangential, where D∞(A) =⋂
n∈ND(An).
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(b) For a unitary representation of a Lie group, we can endow H∞ with the topology
from Remark 3.10. Then

Φπ : P(H∞)→ g∗

is a smooth map because, for every x ∈ g, the Hamiltonian function

Hx([v]) =
〈−idπ(x)v, v〉
〈v, v〉

is smooth. From Remark 3.10 we also obtain the smoothness of the orbit maps for the
G-action on P(H∞).

Definition 4.13. The weak-∗-closed convex hull Iπ ⊆ g′ of the image of Φπ is called the
(convex) momentum set of π. In view of the equivariance of Φπ, it is an Ad∗(G)-invariant
subset of g′.

The essential feature of the momentum set Iπ is that it provides complete information on
the extreme spectral values of the essentially selfadjoint operators idπ(x):

sIπ (x) := sup(Spec(idπ(x))) = sup〈Iπ,−x〉 = − inf〈Iπ, x〉 for x ∈ g (3)

(cf. [Ne08, Lemma 5.6]). It is now natural to study those representations for which sπ, resp.,
the set Iπ, contains the most significant information, which leads to the following concept:

Definition 4.14. A smooth unitary representation (π,H) of a Lie group G is said to be
semibounded if the function

sπ : g→ R ∪ {∞}, sπ(x) := sup
(
Spec(idπ(x))

)
is bounded on a neighborhood of some point x0 ∈ g. Then the set Wπ ⊆ g of all such points
x0 is an open convex cone.

We say that π is bounded if Wπ = g. Then all operators dπ(x) are bounded and

‖dπ(x)‖ = max(sπ(x), sπ(−x))

is a continuous seminorm on g.

From the equivariance of the momentum map Φπ we immediately obtain:

Lemma 4.15. The function sπ : g → R ∪ {∞} is invariant under the adjoint action. In
particular, the open convex cone Wπ is Ad(G)-invariant.

Remark 4.16. (on bounded representations) (a) From [Ne09, Thm. 3.1] we know that a
smooth representation (π,H) is bounded if and only if π : G → U(H) is a morphism of Lie
groups, if U(H) is endowed with the Banach–Lie group structure defined by the operator
norm. In view of (3), the boundedness of (π,H) is equivalent to the boundedness of all oper-
ators idπ(x) and the continuity of the derived representation dπ : g→ B(H) as a morphism
of topological Lie algebras (in this case H∞ = H).

(b) In [Ne09, Prop. 3.5] it is also shown that if π is continuous with respect to the norm
topology on U(H), then π is automatically smooth if either G is locally exponential or g is
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a barrelled space. In particular, for Banach–Lie groups G the bounded representations are
precisely the norm-continuous ones. The concept of a norm-continuous unitary representation
makes sense for arbitrary topological groups, but the refined concept of semiboundedness does
not; it requires the Lie algebra for its definition.

(c) If (π,H) is a bounded representation for which ker(dπ) = I⊥π = {0}, then ‖dπ(x)‖
defines a G-invariant norm on g. If G is finite dimensional, then the existence of an invariant
norm is equivalent to the compactness of the Lie algebra g, which means that there exists a
compact Lie group with Lie algebra g. However, in the infinite dimensional context, there is
a substantially richer supply of bounded unitary representations. For a detailed discussion
of bounded unitary representations of the unitary groups

Up(H) = U(H) ∩ (1 +Bp(H)), Bp(H) = {X ∈ B(H) : tr((X∗X)p/2) <∞}.

we refer to [Ne98, Ne13], where one even finds a complete classification for 1 < p ≤ ∞. For
p =∞, see also Section 7.

5 Complex geometry and momentum sets

A closer analysis of semibounded representations requires a good understanding of the related
complex geometric structures. Basically, the connection to complex analysis relies on the
fact that if A is a selfadjoint operator on a complex Hilbert space, then the associated
unitary one-parameter group γA(t) := eitA extends to a strongly continuous homomorphism
γ̂ : C+ := R + iR+ → B(H), z 7→ eizA (defined by a spectral integral) which is holomorphic
on the open upper half plane if and only if Spec(A) is bounded from below. This key
observation, applied in various situations, leads to a variety of interesting tools and results
that we describe below (see [Ne10b] for more details).

5.1 Hilbert spaces of holomorphic functions

In general, the momentum set of a semibounded representation is not easy to compute, but
in many interesting situations it is the weak-∗-closed convex hull of a single coadjoint orbit
Oλ ⊆ g′. Here our intuition is guided by the finite dimensional case, which is by now well
understood (cf. [Ne00]).

If (π,H) is a semibounded unitary representation, then we have a well-defined map

π̂ : G×Wπ → B(H), (g, x) 7→ geidπ(x),

and if G is finite dimensional and dπ injective, then we know from [Ne00] that the product
set Sπ := G ×Wπ always carries a complex manifold structure, a holomorphic associative
multiplication and an antiholomorphic involution (g, x)∗ := (g−1,Ad(g)x), turning (Sπ, ∗)
into a complex involutive semigroup and π̂ into a holomorphic representation. In particular,
π̂(G×Wπ) = π(G)eidπ(Wπ) is an involutive subsemigroup ofB(H). This structure is extremely
useful in the theory of semibounded representations and the related geometry. However,
for infinite dimensional groups, our understanding of corresponding analogs is still quite
rudimentary.
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For a finite dimensional connected Lie group G, semibounded unitary representations
are direct integrals of irreducible ones ([Ne00, Sect. XI.6]) and the irreducible ones possess
various kinds of nice structures.

Theorem 5.1. (Irreducible semibounded representations: The finite dimensional case) Let
G be a finite dimensional connected Lie group and (π,H) irreducible and semibounded. Pick
x ∈ Wπ. Then there exists an eigenvector v ∈ H∞ of −idπ(x) for a minimal spectral value.
For M := G[v] ⊆ P(H∞) and the coadjoint orbit Oπ := Φπ(M), we then have

(i) M is the unique complex G-orbit in P(H∞).

(ii) Iπ = conv(Oπ).

(iii) Oπ = Ext(Iπ), i.e., the extreme points form a single orbit.

(iv) Φ−1
π (Ext(Iπ)) = M is a single orbit.

(v) Iπ1
= Iπ2

⇔ Oπ1
= Oπ2

⇔ π1
∼= π2 (classification by coadjoint orbits).

Proof. (A sketchy idea) A key point is that we can minimize the proper functional x∗ : Iπ →
R. One can even show that the minimal value is taken in Φπ([v]) for an analytic vector v,
and from that one can derive that v is an eigenvector for idπ(x) (this is implicitly shown
in [Ne00, Thm. X.3.8]). Combing this with finite dimensional structure theory, based on
the observation that the adjoint image of the centralizer ZG(x) has compact closure, one
can show that, if dπ is injective, then H∞ contains a dense “highest weight module” of the
complexification gC ([Ne00, Thms. X.3.9, XI.4.5]).

If [vλ] ∈ P(H∞) is a highest weight vector for the highest weight representation (πλ,Hλ),
then the corresponding G-orbit G[vλ] has the remarkable property that it is a complex homo-
geneous subspace of P(H∞), and one can even show that it is the unique G-orbit in P(H∞)
with this property ([Ne00, Thm. XV.2.11]). Its image Oλ := Φπλ(G[vλ]) ⊆ g∗ is a coadjoint
orbit

Oλ = Ext(Iπλ), Iπλ = conv(Oλ) and G[vλ] = Φ−1
πλ

(Oλ) (4)

([Ne00, Thm. X.4.1]). Moreover, two irreducible semibounded representations are equivalent
if and only if the corresponding momentum sets, resp., the coadjoint orbits Oλ coincide
([Ne00, Thm. X.4.2]).

In particular, a central feature of unitary highest weight representations is that the image
of the highest weight orbit already determines the momentum set as its closed convex hull.
It is therefore desirable to understand in which situations certain G-orbits in P(H∞) already
determine the momentum set as the closed convex hull of their image. As we shall see below,
this situation frequently occurs if H consists of holomorphic functions on some complex
manifold, resp., holomorphic sections of a line bundle.

Definition 5.2. LetM be a complex manifold (modeled on a locally convex space) andO(M)
the space of holomorphic complex-valued functions on M . We write M for the conjugate
complex manifold. A holomorphic function

K : M ×M → C
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is said to be a reproducing kernel of a Hilbert subspace H ⊆ O(M) if, for each w ∈ M , the
function Kw(z) := K(z, w) is contained in H and satisfies

〈f,Kz〉 = f(z) for z ∈M,f ∈ H.

Then H is called a reproducing kernel Hilbert space and since it is determined uniquely by
the kernel K, it is denoted HK (cf. [Ne00, Sect. I.1]).

Now let G be a real Lie group and σ : G ×M → M, (g,m) 7→ g.m be a smooth right
action of G on M by holomorphic maps. Then (g.f)(m) := f(g−1.m) defines a unitary
representation of G on a reproducing kernel Hilbert space HK ⊆ O(M) if and only if the
kernel K is invariant:

K(g.z, g.w) = K(z, w) for z, w ∈M, g ∈ G.

In this case we callHK aG-invariant reproducing kernel Hilbert space and write (πK(g)f)(z) :=
f(g−1.z) for the corresponding unitary representation of G on HK .

Theorem 5.3. ([Ne09, Thm. 2.7]) Let G be a Fréchet–Lie group acting smoothly by holo-
morphic maps on the complex manifold M and HK ⊆ O(M) be a G-invariant reproducing
kernel Hilbert space on which the representation is semibounded. If, for each x ∈ WπK , the
action (m, t) 7→ expG(−tx).m of R on M extends to a holomorphic action of the upper half
plane C+ (continuous on C+ and holomorphic on its interior), then

IπK = conv(ΦπK ({[Km] : Km 6= 0})).

Example 5.4. Here is the prototypical example that shows why x ∈WπK is closely related
to the existence of a holomorphic extension of the corresponding flow on M .

Let (π,H) be a continuous unitary representation of G = R and H∞ be the Fréchet space
of smooth vectors on which G acts smoothly ([Ne10, Thm. 4.4]). Let M be the complex
Fréchet manifold obtained by endowing H∞ with the opposite complex structure. Then G
acts on M by holomorphic maps and the density of H∞ in H yields an embedding

ι : H ↪→ O(M), ι(v)(m) = 〈v,m〉,

whose image is the reproducing kernel space HK with kernel K(x, y) = 〈y, x〉. With A :=
−idπ(1) we then have π(t) = eitA, and if Spec(A) is bounded from below, then π̂ : C+ →
B(H), z 7→ eizA defines a holomorphic extension of the unitary representation to C+ (cf.
[Ne00, Thm. VI.5.3]). Since H∞ is invariant under every operator π̂(z), it is easy to see that
(z,m) 7→ e−izAm defines a holomorphic action of C+ on M , extending the action of R given
by (t,m) 7→ π(−t)m.

5.2 Realization of representations by holomorphic functions

Remark 5.5. Suppose that q : V→M is a G-homogeneous holomorphic Hilbert bundle, i.e.,
V carries a left action of G by holomorphic bundle automorphisms and q(g.z) = g.q(z) for
z ∈ V, g ∈ G. We write Γ(V) for the space of holomorphic section of V. Then G acts on Γ(V)
by (g.s)(m) := g.s(g−1.m). We are interested in G-invariant Hilbert subspaces H ⊆ Γ(V) on
which G acts unitarily and for which the evaluation maps evm : H → Vm, s 7→ s(m), m ∈M ,
are continuous linear maps between Hilbert spaces.
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To see how Theorem 5.3 applies in this situation, we realize Γ(V) by holomorphic functions
on the dual bundle V∗ whose fiber (V∗)m is the dual space of Vm. Each s ∈ Γ(V) defines a
holomorphic function ŝ(αm) := αm(s(m)) on V∗ which is fiberwise linear. We thus obtain
an embedding Ψ: Γ(V)→ O(V∗) whose image consists of those holomorphic functions on V∗
which are fiberwise linear. Accordingly, Ψ(H) ⊆ O(V∗) is a reproducing kernel Hilbert space.
The natural action of G on V∗ is given by (g.αm)(zg.m) := αm(g−1.zg.m) for αm ∈ V∗m, so
that

Ψ(g.s)(αm) = αm(g.s(g−1.m)) = (g−1.αm)(s(g−1.m)) = Ψ(s)(g−1.αm)

implies that Ψ is equivariant with respect to the natural G-actions on Γ(V) and O(V∗).
Therefore the reproducing kernel K of HK := Ψ(H) ⊆ O(V∗) is G-invariant, and we are thus
in the situation of Theorem 5.3. In addition, the fiberwise linearity of the functions in HK
leads to Kzα = zKα for α ∈ V∗ and z ∈ C×. If HK 6= {0}, then the homogeneity of the
bundle V implies that Kα 6= 0 for every 0 6= α ∈ V∗. Writing P(V∗) for the projective bundle
associated to V∗ whose fibers are the projective spaces of the fibers of V∗, we therefore obtain
a well-defined map

Φ: P(V∗)→ g′, [αm] 7→ ΦπK ([Kαm ]) for αm ∈ V∗m \ {0}.

Since this map is G-equivariant and G acts transitively on M , we obtain for each m0 ∈M :

Φ(P(V∗)) = Ad∗(G)Φ(P(V∗m0
)). (5)

If, in addition, the requirements of Theorem 5.3 are satisfied, i.e., the action of the one-
parameter-groups generated by −x ∈ WπK on V, resp., V∗, extend holomorphically to C+,
we obtain

IπK = conv(im(Φ)). (6)

If, in particular, V is a line bundle, i.e., the fibers are one-dimensional, then P(V∗) ∼= M ,
and we obtain a G-equivariant map Φ: M → g′ whose image is a single coadjoint orbit Oπ.

To simplify the applications of Theorem 5.3, we need a criterion for its applicability. Here
the main idea is that, since every Hilbert space H can be realized as a space of holomorphic
sections of the bundle LH′ , we obtain similar realizations from cyclic G-orbits in P(H) which
are complex manifolds.

Theorem 5.6. (Complex Realization Theorem) (a) Let G be a Fréchet–Lie group with Lie
algebra g and H ⊆ G be a closed subgroup for which the coset space G/H carries the structure
of a complex manifold such that the projection q : G→ G/H is a smooth H-principal bundle
and G acts on G/H by holomorphic maps. Let x0 = 1H ∈ G/H be the canonical base point
and q ⊆ gC be the kernel of the complex linear extension of the map g → Tx0

(G/H) to gC,
so that q is a closed subalgebra of gC.

Let (π,H) be a unitary representation of G and dπ : gC → End(H∞) be the complex linear
extension of the derived representation. Suppose that 0 6= v ∈ H∞ is an eigenvector for H
and of the subalgebra q := {x+ iy = x− iy : x+ iy ∈ q} of gC. Then the map

η : G/H → P(H′), gH 7→ [π∗(g)αv] = [αv ◦ π(g)−1], αv(w) = 〈w, v〉,
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is holomorphic and G-equivariant. If, in addition, v is cyclic, then we obtain a G-equivariant
injection H ↪→ Γ(η∗LH′), where η∗LH′ is a G-equivariant holomorphic line bundle over G/H.
If, in addition, G is connected, then π is irreducible.

(c) Suppose that, for each x ∈ Wπ, the flow (t,m) 7→ expG(−tx)H extends holomorphi-
cally to C+. Then the momentum set is given by

Iπ = conv(Φπ(G[v])) = conv(OΦπ([v])).

Proof. (a) First we observe that the map Υ: H → H′, v 7→ αv is an antilinear isometry and
that the contragredient representation π∗(g)α := α ◦ π(g)−1 is also unitary.

Next we recall that the smooth action of G on M := G/H defines a homomorphism
g → VO(M), the Lie algebra of holomorphic vector fields. Since M is complex, VO(M) is
a complex Lie algebra, and, for each p ∈ M , the subspace {X ∈ VO(M) : X(p) = 0} is a
complex subalgebra. This proves that q is a Lie subalgebra of gC, and its closedness follows
from the continuity of the map gC → Tx0

(M) ∼= g/h.
(b) Since v is a q-eigenvector, there exists a continuous linear functional λ : q → C with

dπ(z)v = λ(z)v for z ∈ q, so that we have for w ∈ H and z ∈ q the relation

αv(z.w) = 〈dπ(z)w, v〉 = −〈w, dπ(z)v〉 = −λ(z)αv(w).

We conclude that αv is an q-eigenvector. This implies that the tangent map

Tx0
(η) : Tx0

(M)→ T[αv ](P(H′))

is complex linear, i.e., compatible with the respective complex structures. Since M is homo-
geneous, T (η) is complex linear on each tangent space, and this means that η is holomorphic.
Therefore η∗LH′ is a holomorphic line bundle over M and we obtain a G-equivariant pullback
map H ∼= Γ(LH′) → Γ(η∗LH′). Its kernel consists of all those sections vanishing on η(M),
which corresponds to the elements w ∈ (π(G)v)⊥. In particular, this map is injective if v is
a cyclic vector.

That (π,H) is irreducible if G is connected follows from [Ne00, Prop. XV.2.7].
(c) If x ∈ Wπ, then idπ(x) is bounded from above, so that, so that (z, α) 7→ α ◦ ezdπ(x)

defines a continuous action of C+ on H′ which is holomorphic on C0
+ and satisfies (t, α) 7→

π∗(expG(−tx))α (cf. Example 5.4). As η is G-equivariant and holomorphic, it is also equivari-
ant with respect to the C+-actions on M and the holomorphic action on P(H′) by (z, [α]) 7→
[α ◦ ezdπ(x)]. Therefore the C+ actions on M and on H′ combine to a holomorphic action
of C+ on η∗LH′ . Now we combine Theorem 5.3 with Remark 5.5 to obtain (c). Here we
only have to observe that the realization of H by holomorphic sections of LH′ leads on the
dual bundle, whose complement of the zero-section can be identified with H′ \ {0}, to the
evaluation functional Kαv = v ∈ H.

Example 5.7. An important special case where the requirements of Theorem 5.6 are satisfied
occurs if the G-action on the complex manifold M extends to a holomorphic action of a
complex Lie group GC ⊇ G with holomorphic exponential function.

If (π,H) is an irreducible representation of a compact Lie group G, then it is finite
dimensional and in particular bounded, so that π extends to a holomorphic representation
π̂ : GC → GL(H). Since the highest weight orbit G[vλ] is a compact complex manifold, it is
also invariant under the GC-action on P(H), and Theorem 5.6, applied to the maximal torus
H ⊆ G, implies that Iπ = conv(Oπ) for Oπ = Φπ(G[vλ]) = Ad∗(G)Φπ([v]).
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Remark 5.8. If G is finite dimensional, then Theorem 5.3 applies to all irreducible semi-
bounded representations ([Ne00, Prop. XII.3.6]), where G/H is the highest weight orbit
G[vλ] ⊆ P(Hλ). This eventually leads to Iπλ = conv(O−iλ) (cf. Theorem 5.1).

6 Representations of abelian groups

In this section we consider the additive group G := (E,+) of a locally convex space E.
On the dual space E′ we consider the smallest σ-algebra B for which all evaluation maps
v∗ : E′ → R, α 7→ α(v) are measurable. Then every spectral measure P : B → B(H) defines
a sequentially continuous unitary representation

πP (v) :=

∫
E′
eiα(v) dP (α)

(Proposition A.8). If E is metrizable, then πP is continuous. Conversely, the existence of such
a spectral measure provides in some sense a “diagonalization” of a unitary representation
π : G → U(H). Therefore it is an important problem to find good criteria for when such
spectral measures exist.

The classical Bochner–Minlos Theorem implies that this is always the case if E is a
nuclear space ([GV64]). However, no infinite dimensional Banach space is nuclear, so that
the Bochner–Minlos Theorem does not apply. Therefore one would like to see criteria based
on the representation and not on the group. Here the semiboundedness condition comes in
very naturally ([Ne09]). The main idea of the proof of the following theorem is to reduce it
to the spectral theorem for the C∗-algebra C0(X).

Theorem 6.1. (Spectral Theorem for semibounded representations) Let E be a locally con-
vex space and X ⊆ E′ be a weak-∗-closed semi-equicontinuous subset, i.e., the support func-
tion sX(v) := sup〈X, v〉 is bounded on some non-empty open subset of E. Then X is locally
compact and, for every regular Borel spectral measure P on X, the prescription

π(v) :=

∫
E′
eiα(v) dP (α)

defines a semibounded smooth representation of G with Iπ ⊆ X.
Conversely, any semibounded representation of E with Iπ ⊆ X is of this form for a

uniquely determined regular Borel spectral measure P on X.

The preceding theorem provides a complete description of the semibounded representation
theory of the abelian Lie groups (E,+) and hence also of quotients thereof. In particular,
every connected abelian Banach–Lie group is such a quotient.

With Theorem 6.1 it is easy to see that:

Corollary 6.2. The bounded unitary representations of a locally convex space (E,+) are
precisely those defined by spectral measures on closed equicontinuous (hence compact) subsets
of E′.

From [MNS12, Thm. B.3] one can even derive the following characterization of repre-
sentations represented by a spectral measure. To formulate this theorem, we call a finite
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positive measure µ on E′ regular at infinity if, for every ε > 0, there exists an equicontinuous
measurable subset S ⊆ E′ with µ(E′ \ S) < ε. We call a spectral measure P on E′ regular
at infinity if all the measures P v have this property.

Theorem 6.3. A continuous unitary representation (π,H) of the additive group of a locally
convex space E can be represented by a spectral measure P on E′ which is regular at infinity
if and only if it is locally bounded, i.e., a direct sum of bounded representations.

To make this theorem more concrete, we recall that a representation can be represented
by a spectral measure on E′ if and only if it is a direct sum of cyclic representations with
a spectral measure, and these are precisely the representations in spaces H = L2(E′, µ) by
π(v)f = eiv

∗
f . Here the regularity of the measure guarantees a sufficient supply of vectors

supported by compact subsets of E′ (with respect to the weak-∗-topology), and this in turn
is the local boundedness of the representation.

Example 6.4. If E is a Hilbert space and ϕ(x) := e−‖x‖
2

. Then there exists a continuous
unitary representation with a cyclic vector Ω satisfying

ϕ(v) = 〈π(v)Ω,Ω〉 for v ∈ E.

This representation is NOT locally bounded because there exists no regular Borel measure
µ on E′ such that ϕ is its Fourier transform, i.e.,

ϕ(v) =

∫
E′
eiα(v) dµ(α)

(cf. [GV64]).

7 Representations of unitary groups

For the unitary group U(H) of a complex Hilbert space, the identical representation on H is
bounded, and so are its conjugate space H (H endowed with the opposite complex structure)
and tensor products thereof. As for finite dimensional spaces, we have the Schur–Weyl
decomposition

H⊗N ∼=
⊕

λ∈Part(N)

Sλ(H)⊗Mλ, (7)

where Part(N) is the set of all partitions λ = (λ1, . . . , λn) of N , Sλ(H) is an irreducible
unitary representation of U(H) (called a Schur representation), and Mλ is the correspond-
ing irreducible representation of the symmetric group SN , hence in particular finite dimen-
sional (cf. [BN12] for an extension of Schur–Weyl theory to irreducible representations of
C∗-algebras). In particular, H⊗N is a finite sum of irreducible representations of U(H).

The following theorem is an extension of results of I. E. Segal [Se57], Kirillov [Ki73] and
Olshanski [Ol78] to not necessarily separable Hilbert spaces (see [Ne13, Thms. 3.17/21] for
a complete proof). It provides a complete classification of the continuous unitary represen-
tations of the Banach–Lie group U∞(H) (cf. Example 2.7).

Theorem 7.1. (Classification of the representations of U∞(H)) Let H be an infinite dimen-
sional K-Hilbert space.
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(a) The irreducible continuous unitary representations of U∞(H) are

Sλ(H)⊗ Sµ(H) ⊆ H⊗N ⊗H⊗M , λ ∈ Part(N), µ ∈ Part(M).

(b) Every continuous unitary representation of U∞(H) is a direct sum of irreducible ones.

(c) Every continuous unitary representation of U∞(H) extends uniquely to a continuous
unitary representations of the full unitary group U(H)s, endowed with the strong oper-
ator topology.

Remark 7.2. Since U∞(H) is dense in U(H)s, Theorem 7.1 implies that U∞(H) and U(H)s
have the same unitary representations.

In addition, we have the following remarkable theorem by D. Pickrell [Pi88] (see also
[Ne13]):

Theorem 7.3. Every separable continuous unitary representation of the Banach–Lie group
U(H) is also continuous for the strong operator topology, hence a representation of U(H)s.
In particular, all irreducible separable representations of U(H) are bounded.

The results described in this section and their generalizations to unitary groups of real
and quaternionic Hilbert spaces ([Ne13]) describe the well-behaved part of the representation
theory of infinite dimensional variants of unitary groups. For 1 ≤ p <∞, the representation
theory of the groups Up(H) is much more complicated (cf. [Boy80, Thm. 5.5]).

8 Perspectives

The groups treated in the previous section are analogs of compact Lie groups. There are also
natural analogs of finite dimensional non-compact groups, such as GL(H) for a real, complex
of quaternionic Hilbert space. For these groups there are no non-trivial bounded represen-
tations which makes them harder to deal with. In addition, there are serious obstructions
for the existence of unitary representations of such groups, so that one has to pass to suit-
able subgroups, where the hermitian part of the Lie algebra is restricted by Hilbert–Schmidt
conditions. Presently we are still far from a complete understanding of the representations
of the corresponding groups (cf. [Ne12a, Ne13], [Pi90], [Ol90]).

For direct limit groups G =
⋃
n∈NGn, the unitary representations are hard to control,

and this leads to a huge variety of representations (cf. [SV75], [DiPe99], [Ne98]). One way
to get better control is to study suitable Banach completions, such as the groups Up(H),
1 ≤ p ≤ ∞, as completions of U∞(C). Then the requirement that a representation extends
to the completion is a regularity property that reduces the variety of representations signifi-
cantly, but in this specific case the representation theory is still wild for p <∞ (cf. [Boy80,
Thm. 5.5]). Only if we ask for bounded representations, a classification has been obtained
for 1 < p ≤ ∞ in [Ne98] by analyzing momentum sets. It does not depend on p, so that it is
described by Theorem 7.1.

For connected groups of smooth maps G = C∞(M,K)0 (and more complicated groups
of sections of bundles) the bounded unitary representations have been classified recently in
[JN13], but these groups also have various classes of unbounded representations which are
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not yet understood in a systematic fashion. The most prominent examples are the positive
energy representations of doubly extended loop groups which correspond to highest weight
modules of affine Kac–Moody algebras ([PS86]). This class of representations has also been
studied for infinite-dimensional target groups in[Ne12b].

For diffeomorphism groups, semibounded representations only exist for dimM = 1. More
precisely, there are non-trivial semibounded representations for the Virasoro group Vir, which
is a non-trivial central extension of the group Diff(S1)+ of orientation preserving diffeo-
morphisms of the circle (see [Ne10b] for more details and [NS14] for a classification of all
semibounded representations in terms of Hilbert spaces of holomorphic sections).

A Spectral Measures

Forming direct sums of Hilbert spaces and decomposing a given Hilbert space as an orthogonal
direct sum of closed subspaces is an important technique in representation theory. However,
this technique only leads to a complete understanding of those representations which are
direct sums of irreducible ones. In this section we develop the concept of a projection valued
measure, which provides a continuous analog of direct sum decompositions of Hilbert spaces.
In particular, it can be used to study the structure of representations without irreducible
subrepresentations. The general idea is that a representation may be composed from irre-
ducible ones in the same way as a measure space is composed from its points, which need
not have positive measure.

Definition A.1. Let H be a Hilbert space and

PH := {P ∈ B(H) : P = P 2 = P ∗}

be the set of all orthogonal projections on H. Further, let (X,S) be a measurable space. A
map P : S→ PH is called a spectral measure or a projection valued measure if

(SM1) P (X) = 1 and P (∅) = 0,

(SM2) If (Ej)j∈N is a disjoint sequence in S, then

P (∪∞j=1Ej)v =

∞∑
j=1

P (Ej)v for each v ∈ H.

In this sense we have

P
( ∞⋃
j=1

Ej

)
=

∞∑
j=1

P (Ej)

in the strong operator topology, and

(SM3) P (E ∩ F ) = P (E)P (F ) for E,F ∈ S.

Remark A.2. On PH we define an order structure by

P ≤ Q if P = PQ.
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Note that this implies that P = P ∗ = Q∗P ∗ = QP , so that P commutes with Q. The
relation P ≤ Q is equivalent to im(P ) ⊆ im(Q).

For P ≤ Q and v ∈ H, we have

‖Pv −Qv‖2 = 〈Pv, Pv〉 − 2 Re〈Pv,Qv〉+ 〈Qv,Qv〉
= 〈Pv, v〉 − 2〈Pv, v〉+ 〈Qv, v〉
= 〈Qv, v〉 − 〈Pv, v〉. (8)

We conclude that, if (Pn) is a monotone sequence of projections, then Pn → P in the
strong operator topology is equivalent to 〈Pnv, v〉 → 〈Pv, v〉 for every v ∈ H.

Since PH ⊆ B(H) is bounded, it even suffices that this relation holds for all elements v
in a dense subspace (Exercise).

Remark A.3. (a) If (X,S) is a measurable space, then S is an abelian involutive semigroup
with respect to the operations

A ·B := A ∩B and A∗ := A.

The set X is a neutral element. Condition (SM3) implies that every spectral measure is in
particular a representation of this involutive semigroup (S, ∗) with identity.

(b) The axiomatics in our definition of a spectral measure are not free of redundancy.
One can show that (SM3) follows from (SM1) and (SM2) and that the requirement P (∅) = 0
in (SM1) can also be omitted.

(c) For each spectral measure P on (X,S) and each v ∈ H,

P v(E) := 〈P (E)v, v〉 = ‖P (E)v‖2

defines a positive measure on (X,S) with total mass ‖v‖2. In particular, it is a probability
measure if v is a unit vector.

(d) In practice, the verification of (SM2) can be simplified as follows. Suppose that we

know already that (SM2) holds for finite sums. Then
∑∞
n=1 P (En) = limn→∞ P

(⋃n
k=1Ek

)
,

so that we are dealing with an increasing sequence of projections. In view of Remark A.2, it
therefore suffices to show that P v(

⋃∞
j=1Ej) =

∑∞
j=1 P

v(Ej) for every v in a dense subspace.

Lemma A.4. Let (X,S, µ) be a measure space and L∞(X,µ) be the corresponding C∗-
algebra of essentially bounded measurable functions. Then the following assertions hold:

(i) For each f ∈ L∞(X,µ), we obtain a bounded operator λf ∈ B(L2(X,µ)) by λf (g) := fg
satisfying ‖λf‖ ≤ ‖f‖∞.

(ii) The map λ : L∞(X,µ)→ B(L2(X,µ)), f 7→ λf is a homomorphism of C∗-algebras.

(iii) If µ is semi-finite , then λ is isometric, i.e., ‖λf‖ = ‖f‖∞ for each f .

(iv) If (fn)n∈N is a bounded sequence in L∞(X,µ) converging pointwise µ-almost everywhere
to f , then λfn → λf in the weak operator topology.

In the following all measure spaces that we consider are semi-finite, so that, in view of
(iii), we may identify L∞(X,µ) with a subalgebra of B(L2(X,µ)).
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Proof. (i) Since |f(x)g(x)| ≤ ‖f‖∞|g(x)| holds µ-almost everywhere, λf defines a bounded
operator on L2(X,µ) with ‖λf‖ ≤ ‖f‖∞.

(ii) We clearly have λfg = λfλg and λ∗f = λf∗ , so that λ defines a homomorphism of
C∗-algebras.

(iii) Now assume that ‖f‖∞ > c ≥ 0. Then F := {|f | ≥ c} has positive measure,
and since µ is semi-finite, it contains a subset E of positive and finite measure. Then
h := χE ∈ L2(X,µ) and

c‖h‖2 ≤ ‖fh‖2 ≤ ‖λf‖‖h‖2
leads to ‖λf‖ ≥ c, and since c was arbitrary, we obtain ‖f‖∞ ≤ ‖λf‖.

(iv) For g, h ∈ L2(X,µ) the function gh is integrable and |fngh| ≤ ‖fn‖∞|gh|, so that the
Dominated Convergence Theorem implies that

〈λfng, h〉 =

∫
X

fngh dµ→
∫
X

fgh dµ = 〈λfg, h〉.

The following lemma describes a typical situation where spectral measures arise.

Lemma A.5. (a) Let (X,S, µ) be a measure space and H := L2(X,µ). For E ∈ S we define
an operator on H by P (E)f := χEf . Then P defines a projection valued measure on H.

If, in addition, µ is finite, then v = 1 is a cyclic vector for P and P v = µ.
(b) For v ∈ H, the induced spectral measure on the cyclic subspace Hv := spanP (S)v ⊆ H

is unitarily equivalent to the canonical spectral measure on L2(X,P v), given by multiplication
with characteristic functions.

Proof. (a) First we observe that we have a homomorphism of C∗-algebras

ρ : L∞(X,µ)→ B(L2(X,µ)), ρ(h)f = hf.

For each E ∈ S, the characteristic function χE satisfies χE = χ∗E = χ2
E , so that P (E) =

ρ(χE) ∈ PH.
Clearly, P (X) = 1 and P (∅) = 0. Now let (Ej)j∈N be a disjoint sequence in X and

f ∈ H. We put Fk :=
⋃k
j=1Ej and F :=

⋃∞
j=1Ej . Then χFk → χF pointwise, so that

Lemma A.4(iv) implies that P (Fk) = λχFk → λχF = P (F ). This proves (SM2). We also
obtain

P (E ∩ F ) = ρ(χE∩F ) = ρ(χEχF ) = ρ(χE)ρ(χF ) = P (E)P (F ).

(b) For E,F ∈ S we have

〈P (E)v, P (F )v〉 = 〈P (F )P (E)v, v〉 = 〈P (E ∩ F )v, v〉
= P v(E ∩ F ) = 〈χE , χF 〉L2(X,Pv).

We conclude that we have a unique isometric linear map Γ: spanP (S)v → L2(X,P v) map-
ping P (E)v to χE . Since its range is dense in L2(X,P v), this map extends to a unitary
operator

Γ: Hv → L2(X,P v) with Γ(P (E)v) = χE for E ∈ S.

Then
Γ ◦ P (F )(P (E)v) = Γ(P (E ∩ F )v) = χF∩E = χFχE = χFΓ(P (E)v)
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implies that
Γ ◦ P (F ) = χF · Γ for F ∈ S.

This means that Γ intertwines the spectral measure P on Hv with the canonical spectral
measure on L2(X,P v).

Lemma A.6. (Direct sum of spectral measures) Let H ∼= ⊕̂j∈JHj be a direct sum of Hilbert
spaces, (X,S) be a measurable space and Pj : S→ PHj , j ∈ J , be spectral measures. Then

P (E)v :=
(
Pj(E)vj

)
j∈J for v = (vj)j∈J ∈ H

defines a spectral measure P : S→ PH.

Proof. Clearly, P (E)∗ = P (E) = P (E)2, so that each P (E) is indeed an orthogonal projec-
tion. Further, P (X) = 1, P (∅) = 0, and P (E ∩ F ) = P (E)P (F ). For any disjoint sequence
(En)n∈N of Borel subsets of X, we thus obtain P (En)P (Em) = 0 for n 6= m. Clearly, (SM2)
holds for any v ∈ Hj , j ∈ J , and, in view of Remark A.3(d), this implies (SM2) for P .

Remark A.7. If P is a spectral measure on (X,S), then we can always decompose H as
an orthogonal direct sum H = ⊕̂j∈JHj of P -invariant subspaces on which the corresponding
spectral measure Pj(E) := P (E)|Hj ∈ PHj is cyclic with cyclic vector vj (Exercise A.2). In
view of Lemma A.5(b), we then have Hj ∼= L2(P vj , X) with Pj(E)f = χ(E)f . In this sense
every spectral measure is a direct sum of canonical spectral measures on L2-spaces of finite
measure spaces.

Conversely, Lemma A.6 shows that, for any family (µj)j∈J of finite measures on (X,S),

we obtain on
⊕̂

j∈JL
2(X,µj) a canonical spectral measure.

The Spectral Integral for measurable functions

Proposition A.8. Let P : S → PH be a spectral measure on (X,S). Then there exists a
unique continuous linear map

P : L∞(X,S)→ B(H),

called the spectral integral, with P (χE) = P (E) for E ∈ S. This map satisfies

(i) P (f)∗ = P (f) P (fg) = P (f)P (g) and ‖P (f)‖ ≤ ‖f‖∞ for f, g ∈ L∞(X,S). In particu-
lar, (P,H) is a representation of the commutative C∗-algebra L∞(X,S) of all bounded
measurable functions on (X,S).

(ii) If (fn) is a bounded sequence in L∞(X,S) for which fn → f holds pointwise on the
complement of a subset N ∈ S with P (N) = 0, then P (fn) → P (f) in the strong
operator topology.

Proof. (i) Decomposing H as a direct sum of cyclic subspaces (Remark A.7), we may w.l.o.g.
assume that H = L2(X,µ) for a finite measure µ and P (E)f = χEf (Lemma A.6). In this
case (i) follows from Lemma A.4. The uniqueness of the spectral integral follows from the
density of the space span{χE : E ∈ S} of step functions in L∞(X,S).

(ii) follows, after reduction to the cyclic case, from Lemma A.4(iv).
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Remark A.9. If P is a spectral measure on (X,S), then we obtain for each v ∈ H a measure
P v on (X,S). For each measurable function f ∈ L∞(X,S), we then obtain the relations

〈P (f)v, v〉 =

∫
X

f(x) dP v(x) and ‖P (f)v‖2 =

∫
X

|f(x)|2 dP v(x). (9)

between usual integrals with respect to the measure P v and the spectral integrals with respect
to P .

If f = χE is a characteristic function, then (9) reproduces simply the definition of the
measure P v, which implies the first relation for step functions because both sides of the
equation are linear in f . Since both sides define continuous linear functionals on L∞(X,S)∣∣∣ ∫

X

f(x) dP v(x)
∣∣∣ ≤ ∫

X

|f(x)| dP v(x) ≤ ‖f‖∞P v(X) = ‖f‖∞‖v‖2

(cf. Proposition A.8), and step functions form a dense subspace, they coincide on all of
L∞(X,S). The second relation now follows from

‖P (f)v‖2 = 〈P (f)∗P (f)v, v〉 = 〈P (|f |2)v, v〉 =

∫
X

|f(x)|2 dP v(x).

The main result on the existence of spectral measures is the Spectral Theorem C.1.

Lemma A.10. Let (π,H) be a non-degenerate representation of the commutative Banach-

∗-algebra A and P : S = B(Â) → PH the corresponding regular Borel spectral measure with
P (â) = π(a) for a ∈ A. Then

π(A)′′ = P (S)′′.

Proof. Clearly P (S)′′ is a von Neumann algebra in B(H), hence in particular norm closed.
Since it contains all operators P (E), E ∈ S, it contains the operators P (f) for all measurable

step functions f : Â → C. As these form a dense subspace of L∞(Â), we see that

π(A) = P ({â : a ∈ A}) ⊆ P (C0(Â)) ⊆ P (L∞(Â)) ⊆ P (S)′′.

To prove the converse inclusion, we have to show that each P (E) is contained in π(A)′′,
i.e., that it commutes with π(A)′. In view of Exercise A.1, the unital C∗-algebra π(A)′ is
spanned by its unitary elements, so that it suffices to show that P (E) commutes with all
unitary elements u ∈ π(A)′. For any such unitary element

Pu(E) := uP (E)u−1

defines a regular spectral measure with the property that for a ∈ A we have

Pu(â) = uP (â)u−1 = uπ(a)u−1 = π(a).

Therefore the uniqueness of the spectral measure representing π implies that Pu = P , i.e.,
that each P (E) commutes with u.
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Exercises for Appendix A

Exercise A.1. Let A be a unital C∗-algebra and a = a∗ ∈ A with ‖a‖ < 1. Show that

b :=
√

1− a2 :=

∞∑
n=0

( 1
2

n

)
(−1)na2n

is hermitian and satisfies b2 = 1− a2. Show further that

u := a+ i
√

1− a2 ∈ U(A)

and conclude that A = span U(A). Hint: To verify b2 = 1 − a2, it suffices to consider the
commutative C∗-algebra generated by a.

Exercise A.2. Let (S, ∗) be an involutive semigroup. Show that:

(a) Every cyclic representation is non-degenerate.

(b) If (π,H) is a direct sum of cyclic representations, then it is is non-degenerate.

(c) Every non-degenerate representation (π,H) of S is a direct sum of cyclic representa-
tions. Hint: One can follow the argument for the analogous result for unitary rep-
resentations, but one step requires additional care, namely that for 0 6= v ∈ H, the
representation of S on the closed subspace K := spanπ(S)v is cyclic. One has to argue
that v ∈ K to see that this is the case, and this is where it is needed that (π,H) is
non-degenerate.

B Stone’s Theorem

In this appendix we discuss the connection between a strongly continuous unitary one-
parameter group (Ut)t∈R, i.e., a continuous unitary representation of R and its infinitesimal
generator defined by

Av := −i d
dt t=0

Utv

whenever the right hand side exists for v ∈ H. Although this is only the case on a dense
subspace D ⊆ H, the operator A : D → H determines the one-parameter group (Ut)t∈R
uniquely, hence deserves to be called its infinitesimal generator. We shall see that it is
self-adjoint in a sense that has to be made precise for operators not defined on all of H.

B.1 Unbounded operators

Before we can study the infinitesimal generator of a unitary one-parameter group, we have
to develop some concepts related to “unbounded” operators, i.e., operators not defined on
all of H.

Definition B.1. (a) Let H1 and H2 be Hilbert spaces. An (unbounded) operator from H1

to H2 is a linear map A from a subspace D(A) ⊆ H1, called the domain of A, to H2.
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(b) The operator A is called densely defined if D(A) is a dense subspace of H1. It is called
closed if its graph Γ(A) := {(x,Ax) : x ∈ D(A)} is a closed subset of H1 ×H2. We write

N (A) := ker(A) ⊆ D(A) and R(A) := im(A) ⊆ H2

for kernel and range of A.
(c) If A and B are operators from H1 to H2, then B is called an extension of A if

D(A) ⊆ D(B) and B|D(A) = A. We write A ⊆ B if B is an extension of A. The operator A

is called closable if it has a closed extension, i.e., if the closure Γ(A) of the graph of A is the
graph of a linear operator which we then call A.

(d) Suppose that A is a densely defined operator from H1 to H2. We define the adjoint
operator A∗ from H2 to H1 as follows. We put

D(A∗) = {w ∈ H2 : (∃u ∈ H1)(∀v ∈ D(A)) 〈Av,w〉 = 〈v, u〉}.

Then A∗w := u ∈ H1 satisfies 〈Av,w〉 = 〈v,A∗w〉 for all v ∈ D(A). Since D(A) is dense, this
relation determines A∗w uniquely. We thus obtain a linear operator A∗ : D(A∗)→ H1 whose
domain consists of those elements w ∈ H2 for which the linear functional

v 7→ 〈Av,w〉, D(A)→ C

is continuous.
Note that A ⊆ B trivially implies B∗ ⊆ A∗.
(e) An operator A is called symmetric if it is densely defined with A ⊆ A∗, and selfadjoint

if A∗ = A. We say that A is essentially selfadjoint if it is closable and A is selfadjoint.

Proposition B.2. For a densely defined operator A from H1 to H2 the following assertions
hold:

(i) For the unitary operator V : H2 ⊕H1 → H1 ⊕H2, V (x, y) = (−y, x), we have

Γ(A∗) = V (Γ(A)⊥) = V (Γ(A))⊥.

(ii) A∗ is closed.

(iii) A∗ is densely defined if and only if A is closable, and in this case

A∗ = A
∗

and A = A∗∗.

(iv) If D(A) = H1, then the following are equivalent:

(1) A is bounded.

(2) A is closed.

(3) D(A∗) ⊆ H2 is dense.

Proof. (i) We endow H1 ×H2 with its natural Hilbert space structure given by

〈(a, b), (a′, b′)〉 := 〈a, a′〉+ 〈b, b′〉
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for a, a′ ∈ H1 and b, b′ ∈ H2. Then (y, z) ∈ Γ(A∗) if and only if 〈Av, y〉 = 〈v, z〉 for all
v ∈ D(A), i.e. if (−z, y) ∈ Γ(A)⊥.

(ii) follows immediately from (i) because orthogonal subspace are closed.
(iii) From (i) we know that

Γ(A) = Γ(A)⊥⊥ = V −1(Γ(A∗))⊥.

Therefore an element of the form (0, w) is contained in Γ(A) if and only if (w, 0)⊥Γ(A∗)⊥,
which is equivalent to w ∈ D(A∗)⊥. That any such element w is 0 means that A is closable,
so that D(A∗) is dense if and only if A is closable.

Assume that this is the case. Then Γ(A) = Γ(A) has the same orthogonal space as Γ(A),
so that

Γ(A∗) = V (Γ(A)⊥) = V (Γ(A)⊥) = Γ(A
∗
),

where the last equality follows from (i). This proves that A
∗

= A∗.
We also obtain

Γ(A) = Γ(A) = Γ(A)⊥⊥ = V −1(Γ(A∗))⊥ = Γ(A∗∗),

where the last equality follows by applying (i) to the operator A∗ from H2 to H1 and
V −1(v, w) = (−w, v). This proves A∗∗ = A.

(iv) The equivalence between (1) and (2) is the Closed Graph Theorem. It is also clear
that (1) implies (3). So it remains to show that (3) implies (2). In view of (a), we see that
A has a closed extension A. But A is defined on H1, hence A = A, so that the graph of A is
closed.

Examples B.3. (a) LetH be a Hilbert space with the ONB (en)n∈N. For a sequence (xn)n∈N
of complex numbers we define an operator T on H by

D(T ) := span{en : n ∈ N} and Tv =
∑
n∈N

xn〈v, en〉en.

Then T is densely defined. We can also calculate its adjoint.
The condition that the map

D(T )→ C, y 7→ 〈Ty, v〉 =
∑
n∈N

xn〈y, en〉〈en, v〉

is continuous, is equivalent to
∑
n∈N |xn|2 · |〈v, en〉|2 <∞. Therefore

D(T ∗) =
{
v ∈ H :

∑
n∈N
|xn|2 · |〈v, en〉|2 <∞

}
and

T ∗v =
∑
n∈N

xn〈v, en〉en.

This shows that T is symmetric if and only if all numbers xn are real. Applying the same
argument to T ∗ (which is also densely defined), we see that T = T ∗∗ is given by

T ∗∗v =
∑
n∈N

xn〈v, en〉en.
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(b) Let (X,S, µ) be a measure space and f : X → C be a measurable function. On the
Hilbert space H = L2(R) we consider the operator Mf with

D(Mf ) := {h ∈ L2(X,µ) : fh ∈ L2(X,µ)} and Mfh = fh.

To see thatD(Mf ) is dense, letXn := {x ∈ X : |f(x)| ≤ n}. Then χXnL
2(X,µ) ⊆ D(Mf ),

and for h ∈ L2(X,µ) we have

‖h− χEnh‖22 =

∫
X\Xn

|h(x)|2 dµ(x)→ 0.

Therefore D(Mf ) is dense. For g, h ∈ D(Mf ) we have

〈Mfg, h〉 =

∫
X

fgh dµ = 〈g,Mfh〉.

For g ∈ H the map

D(Mf )→ C, h 7→ 〈Mfh, g〉 =

∫
X

fhg dµ

is continuous if and only if fg ∈ L2(X,µ). Therefore D(M∗f ) = D(Mf ) implies that M∗f =
Mf . In particular, Mf is selfadjoint if f(X) ⊆ R.

(c) An important special case arises for the operator on H = L2(R) given by

(Qf)(x) = xf(x) and D(Q) =
{
f ∈ L2(R) :

∫
R
x2|f(x)|2 dx <∞

}
.

(d) We consider the Hilbert space H = L2(R) and the operator P with D(P ) := C1
c (R)

(continuously differentiable functions with compact support) and Pf = if ′. Then P is
densely defined (Exercise) and, for f, h ∈ D(P ), we have

〈Pf, h〉 =

∫
R
if ′(x)h(x) dx =

∫
R
f(x)ih′(x) dx = 〈f, Ph〉,

according to the Product Rule, because, for sufficiently large R, we have∫
R
(ifh)′(x) dx =

∫ R

−R
(ifh)′(x) dx = if(R)h(R)− if(−R)h(−R) = 0.

Therefore P is symmetric. In this case it is slightly harder to calculate the domain of its
closure. Again, one can show that P ∗ = P ∗∗, so that P ∗ is a selfadjoint extension of P .

Proposition B.4. For any symmetric operator T on H with domain D(T ), the following
assertions hold:

(i) ‖Tx+ ix‖2 = ‖Tx‖2 + ‖x‖2 for x ∈ D(T ).

(ii) T is closed if and only if R(T + i1) is closed.

(iii) T + i1 is injective.
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(iv) If R(T + i1) = H, then T has no proper symmetric extension.

(v) Statements (i)-(iv) remain correct if we replace i by −i.

Proof. (i) follows from

‖Tx+ ix‖2 = ‖Tx‖2 + ‖x‖2 − i〈Tx, x〉+ i〈x, Tx〉 = ‖Tx‖2 + ‖x‖2.

(ii) In view of (i), the map R(T + i1) → Γ(T ), (T + i1)x 7→ (x, Tx) is isometric. Therefore
R(T + i1) is closed, resp., complete if and only if this holds for the graph of T . This
implies (ii).
(iii) follows from (i).
(iv) Let T1 be a symmetric extension of T . Then T1 + i1 is an extension of T + i1. In view
of the bijectivity of T + i1, we obtain T1 = T .
(v) is clear.

Lemma B.5. For a densely defined operator T on H we have

N (T ∗) = R(T )⊥.

In particular,
N (T ∗ + λ1) = R(T + λ1)⊥ for λ ∈ C.

Proof. In view of (T + λ1)∗ = T ∗ + λ1 (verify!), the second part follows from the first one.
For x ∈ N (T ∗) and y = Tv we have

〈x, y〉 = 〈x, Tv〉 = 〈T ∗x, y〉 = 0.

This proves “⊆”. If, conversely, x ∈ R(T )⊥, then, for v ∈ D(T ), 0 = 〈x, Tv〉 implies
x ∈ D(T ∗) with T ∗x = 0, i.e., x ∈ N (T ∗).

Proposition B.6. For a symmetric operator T on H, the follows are equivalent:

(i) T is selfadjoint.

(ii) T is closed and T ∗ ± i1 are injective.

(iii) T is closed and T ± i1 have dense range.

(iv) R(T ± i1) = H.

Proof. (i) ⇒ (ii): According to Proposition B.2(ii), the closedness of T follows from T = T ∗.
Since T is symmetric, the injectivity of T ∗ ± i1 = T ± i1 is a consequence of Proposi-
tion B.4(iii).
(ii) ⇒ (iii) follows from Lemma B.5.
(iii) ⇒ (iv) follows from Proposition B.4(ii),(v).
(iv) ⇒ (i): In view of T ⊆ T ∗, we only have to show that D(T ∗) ⊆ D(T ). Let y ∈ D(T ∗).
With (iv) we find x ∈ D(T ) with (T ∗+ i1)y = (T + i1)x. Then T ⊆ T ∗ implies (T ∗+ i1)y =
(T ∗ + i1)x, hence y = x ∈ D(T ), because T ∗ + i1 is injective (Lemma B.5).

Corollary B.7. For a symmetric operator T on H, the follows are equivalent:
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(i) T is essentially selfadjoint.

(ii) T ∗ ± i1 are injective.

(iii) T ± i1 have dense range.

Proof. (i) ⇒ (ii): If T is essentially selfadjoint, then its closure T is selfadjoint, so that

T ∗ = T
∗

= T (Proposition B.2(iii)). Hence (ii) follows from Proposition B.6(ii).
(ii) ⇒ (iii) follows from Lemma B.5.
(iii) ⇒ (i): Our assumption implies in particular that the range of T ± i1 is dense.

Moreover, T ⊆ T ∗ and the closedness of T ∗ implies T ⊆ T ∗ = T
∗

(Proposition B.2), so that
T is also symmetric. Now Proposition B.6 implies that T is selfadjoint.

The Spectral Integral for unbounded measurable functions

Proposition B.8. Let P be a spectral measure on (X,S) and f : X → C a measurable
function. Then the following assertions hold for

D(f) := {v ∈ H : f ∈ L2(X,P v)}.

(i) D(f) is a dense subspace of H, and there exists a unique linear operator

P (f) : D(f)→ H with 〈P (f)v, v〉 =

∫
X

f(x) dP v(x)

for v ∈ D(f). If f is bounded, then D(f) = H.

(ii) D(f) = D(f) and P (f)∗ = P (f).

(iii) If f(X) ⊆ T, then P (f) is unitary, and if f(X) ⊆ R, then P (f) is selfadjoint.

Proof. Decomposing into cyclic subspaces for P , we see with Lemma A.5(b) that H ∼=⊕̂
j∈JL

2(X,µj) with finite measures µj on (X,S) and P (E)(fj)j∈J = (χEfj)j∈J for (fj) ∈
H.

(i), (ii) Write v = (vj) with vj ∈ L2(X,µj). Then

P v(E) =
∑
j∈J

P vj (E) =
∑
j∈J

∫
E

|vj(x)|2 dµj(x)

implies that ∫
X

|f(x)|2 dP v(x) =
∑
j∈J

∫
X

|f(x)|2|vj(x)|2 dµj(x).

Therefore v ∈ D(f) is equivalent to fvj ∈ L2(X,µj) for every j and ‖fv‖2 =
∑
j∈J ‖fvj‖22 <

∞. Hence P (f) : D(f) → H is the direct sum of the corresponding multiplication opera-
tors λf (h) = fh on the subspaces L2(X,µj) (cf. Examples B.3(b)). Now Exercise B.1 and
Examples B.3 imply that P (f) is densely defined and closed with P (f)∗ = P (f).
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In view of the Polarization Identity, the operator P (f) is uniquely determined by the
numbers

〈P (f)v, v〉 =
∑
j∈J

∫
X

f(x)|vj(x)|2 dµj(x) =

∫
X

f(x) dP v(x), v ∈ D(f).

(iii) If f(X) ⊆ T, then all multiplication operators λf on L2(X,µj) are unitary, so that
P (f) is also unitary. If f(X) ⊆ R, then f = f , (i) and (ii) imply that P (f) is selfadjoint.

Theorem B.9. (Spectral Theorem for Selfadjoint Operators) If P : B(R)→ H is a spectral
measure on R, then P (idR) is a selfadjoint operator, and for each selfadjoint operator A on
H, there exists a unique regular Borel spectral measure P on R such that

A =

∫
R
x dP (x).

Proof. The first part follows from Proposition B.8(iii). The second part is more difficult. The
main idea is to use the Cayley transform to transform A into a unitary operator C(A) :=
(A − i1)(A + i1)−1 and then use the spectral measure of C(A) on the circle T to obtain a
spectral measure on R by the map c : R→ T, c(t) = (t− i)(t+ i)−1. For the detailed proof,
we refer to [Ru73, Thm. 13.30] (see also [Ne09]).

B.2 Infinitesimal generators of unitary
one-parameter groups

In this section we address the problem we prove Stone’s Theorem about unitary one-parameter
groups and their infinitesimal generators, which are (up to multiplication with i) the, possibly
unbounded, selfadjoint operators.

Definition B.10. Let H be a Hilbert space and (Ut)t∈R be a strongly continuous unitary
one-parameter group, i.e., a continuous unitary representation U : R→ U(H). We define an
unbounded operator A : D(A)→ H by

D(A) :=

{
v ∈ H : lim

t→0

1

t

(
Utv − v

)
exists

}
and Av := lim

t→0

1

it

(
Utv − v

)
.

This operator is called the infinitesimal generator of U and the elements of the space D(A)
are called differentiable vector for U .

Lemma B.11. The operator A is hermitian in the sense that

〈Av,w〉 = 〈v,Aw〉 for v, w ∈ D(A).

Proof. For v, w ∈ D(A) we have

〈Av,w〉 =
d

dt t=0
− i〈Utv, w〉 =

d

dt t=0
〈v, iU−tw〉 = 〈v,Aw〉.
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Remark B.12. (a) If A is a bounded hermitian operator, then Ut := eitA defines a norm-
continuous unitary one-parameter group with infinitesimal generator A. In fact, the estimate

‖eitA − 1− itA‖ ≤
∞∑
n=2

1

n!
|t|n‖A‖n = e|t|‖A‖ − 1− |t|‖A‖

implies that

lim
t→0

Ut − 1

it
= A

holds in the norm topology.
(b) For v ∈ D(A), we also have

lim
h→0

1

h
(Ut+hv − Utv) = lim

h→0

1

h
(UtUhv − Utv) = Ut lim

h→0

1

h
(Uhv − v) = Ut(iAv).

In view of Ut+h = UhUt, the existence of this limit implies that Utv ∈ D(A) with AUtv =
UtAv, so that the curve γ(t) := Utv solves the initial value problem

γ(0) = v and γ′(t) = iAγ(t), t ∈ R. (10)

Given a symmetric operator A : D(A) → H, there is no guarantee that a solution to the
above initial value problem exists for every v ∈ D(A). As we shall see below, this requires
extra conditions on A.

(c) Suppose that γ : R→ H satisfies the initial value problem (10), which means implicitly
that γ(R) ⊆ D(A), so that Aγ(t) makes sense. For w ∈ D(A) we then have

d

dt
〈U−tγ(t), w〉 =

d

dt
〈γ(t), Utw〉 = 〈γ′(t), Utw〉+ 〈γ(t), iAUtw〉

= 〈γ′(t)− iAγ(t), Utw〉 = 0.

Since γ′(t)− iAγ(t) ∈ D(A) and w ∈ D(A) arbitrary, we conclude that the curve U−tγ(t) is
constant, which leads to γ(t) = Utv. Hence the solutions to (10) are unique.

(d) If D(A) = H, then the symmetry implies that A ⊆ A∗, so that Proposition B.2(iv)
implies that A is bounded. The curves γ(t) := eitAv are the unique solutions of the initial
value problem

γ(0) = v and γ′(t) = iAγ(t), t ∈ R,
so that (b) implies that Ut = eitA for t ∈ R.

The preceding remark shows thatA is unbounded if and only if there exists non-differentiable
vectors in H, i.e., D(A) 6= H. Here is a typical example where this happens.

Example B.13. On H = L2(R) we consider the continuous one-parameter group given by
(Utf)(x) = f(x+ t). Then, for every f ∈ C1

c (R), the limit

lim
t→0

1

t
(Utf − f) = f ′

exists uniformly on R and since the support of f is compact, the limit exists in particular in
L2(R). Therefore f ∈ D(A) and Af = −if ′. That A is unbounded follows immediately by
applying it to functions fn ∈ C1

c (R) with fn(x) = einx for x ∈ [0, 1]
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Theorem B.14. (Stone’s Theorem for One-Parameter Groups) Let (Ut)t∈R be a strongly
continuous unitary one-parameter group and A : D := D(A) → H be its infinitesimal gener-
ator. Then the following assertions hold:

(i) The space D of differentiable vectors is dense in H.

(ii) If D0 ⊆ D is dense and U -invariant, then A|D0 is essentially selfadjoint and its closure
coincides with A.

(iii) A is selfadjoint.

(iv) If (Vt)t∈R is another strongly continuous unitary one-parameter group with the same
generator A, then Ut = Vt for every t ∈ R.

Proof. (i) This is done by a mollifying argument. Let v ∈ H and T > 0. We consider

the element vT :=
∫ T

0
Utv dt. The integral exists because (Ut)t∈R is strongly is strongly

continuous, which further implies that∥∥∥ 1

T
vT − v

∥∥∥ =
∥∥∥ 1

T

∫ T

0

Utv − v dt
∥∥∥ ≤ sup

0≤t≤T
‖Utv − v‖ → 0

for T → 0. Therefore it suffices to show that vT ∈ D. The relation

UtvT − vT = Ut

∫ T

0

Usv ds−
∫ T

0

Usv ds =

∫ T

0

UsUtv ds−
∫ T

0

Usv ds

=

∫ T+t

t

Usv ds−
∫ T

0

Usv ds

=

∫ T+t

T

Usv ds−
∫ t

T

Usv ds−
∫ T

0

Usv ds

= UT

∫ t

0

Usv ds−
∫ t

0

Usv ds = UT vt − vt = (UT − 1)vt

implies that, for T > 0, we have

lim
t→0

1

t
(UtvT − vT ) = (UT − 1) lim

t→0

1

t
vt = (UT − 1)v.

(ii) We have already seen that A is symmetric (Lemma B.11), and therefore A0 := A|D0

is also symmetric. In view of Corollary B.7, we have to show that the operators A± i1 have
dense range. If the range of A + i1 is not dense, there exists a vector 0 6= v ∈ R(A + i1)⊥.
As D0 is dense, there exists a w ∈ D0 with 〈v, w〉 6= 0. Then the differentiable function
f(t) := 〈Utw, v〉 satisfies

f ′(t) = i〈AUtw, v〉 = i〈(A+ i1)Utw, v〉+ 〈Utw, v〉 = 〈Utw, v〉 = f(t),

which leads to f(t) = f(0)et, contradicting |f(t)| ≤ ‖v‖‖w‖. We likewise see that R(A− i1)
is dense.

We postpone the proof of the relation A = A0 until we have proved (iii).
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(iii) From (ii) it follows that A is essentially selfadjoint, so it remains to show that A is
closed. In Remark B.12 we have seen that, for v ∈ D(A), the curve γ(t) := Utv is differentiable
with derivative γ′(t) = UtiAv, which is continuous. The Fundamental Theorem of Calculus
thus leads to the relation

Utv − v =

∫ t

0

UsiAv ds.

To see that A is closed, let (vn) ∈ D(A) be a sequence for which (vn, Avn)→ (v, w) in H⊕H.
We then obtain for each t ∈ R the relation

Utv − v = lim
n→∞

Utvn − vn = lim
n→∞

∫ t

0

UsiAvn ds =

∫ t

0

Usiw ds

and thus iAv = d
dt |t=0Utv = iw. We conclude that v ∈ D(A) with Av = w.

(ii) (continued) Now we show that A0 = A. In fact, we know from above that A0 is
selfadjoint, so that A0 ⊆ A leads to the relation

A = A∗ ⊆ A0
∗

= A0 ⊆ A.

(iv) For v ∈ D(A), the curve γ(t) = Vtv satisfies γ(0) = v and γ′(t) = iAγ(t), so that
Remark B.12(c) implies Vtv = Utv. As Vt and Ut are bounded operators and D(A) is dense,
it follows that Vt = Ut for every t ∈ R.

Example B.15. Let (X,S, µ) be a measure space and consider the unitary one-parameter
group given by Uth = eitfh for some measurable function f : X → R. We claim that its
infinitesimal generator A coincides with the multiplication operator Mf from Example B.3.
To this end, let Xn := {|f | ≤ n} and consider the subspace

D0 := {h ∈ L2(X,µ) : (∃n ∈ N)f |X\Xn = 0}.

Then, for each h ∈ D0, the curve t 7→ Uth is analytic, given by the convergent exponential
series, and we obtain Ah = fh = Mfh. Since D0 is invariant under U , Theorem B.14 implies
that A = A0 for A0 := Mf |D0

. As Mf is closed, this leads to A ⊆ Mf , and since it is
selfadjoint, we obtain Mf = M∗f ⊆ A∗ = A, which proves equality.

Exercises for Appendix B

Exercise B.1. Let Aj : D(Aj)→ Hj be unbounded operators on the Hilbert spaces Hj and

H :=
⊕̂

j∈JHj . We define the unbounded operator A := ⊕j∈JAj on H by

D(A) :=
{

(vj) ∈ H : (∀j) vj ∈ D(Aj),
∑
j∈J
‖Ajvj‖22 <∞

}
→ H, A(vj) := (Ajvj).

Then the following assertions hold:

(i) A is closed if and only if each Aj is closed.

(ii) A is densely defined if and only if each Aj is densely defined.

(iii) A∗ = ⊕j∈JA∗j .

(iv) A is selfadjoint if and only if each Aj is selfadjoint.
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C The Spectral Theorem for
Commutative Banach-∗-Algebras

In this section we shall prove one of the central tools in representation theory, namely the
Spectral Theorem for commutative Banach-∗-algebras. Basically, all other spectral theorems
can be derived from this one by specialization.

Theorem C.1. (Spectral Theorem for commutative Banach-∗-algebras) Let A be a commu-
tative Banach-∗-algebra. Then the following assertions hold:

(i) If P : B(Â) → PH is a regular Borel spectral measure on Â, then πP (a) := P (â) defines
a non-degenerate representation of A on H.

(ii) If (π,H) is a non-degenerate representation of A, then there exists a unique regular

spectral measure P on Â with π = πP .

Proof. (i) Since the Gelfand transform G : A → C0(Â), a 7→ â is a homomorphism of Banach-
∗-algebras and the same holds for the homomorphism

P : L∞(Â)→ B(H), f 7→ P (f)

obtained as the spectral integral (Proposition A.8), the composition

πP := P ◦ G : A → B(H), a 7→ P (â)

is a representation of the Banach-∗-algebra A.
To see that the representation (πP ,H) is non-degenerate, we may w.l.o.g. assume that the

spectral measure is cyclic, which implies that H ∼= L2(Â, µ) for some finite regular measure

µ on Â and P (E)f = χEf (Lemma A.5). Since G(A) is dense in C0(Â) by the Stone–

Weierstraß Theorem and Cc(Â) is dense in L2(Â, µ), the relation πP (a)1 = â implies that 1

is a cyclic vector for (πP , L
2(Â, µ)). Hence πP is non-degenerate.

(ii) First we show that we may assume that A = C0(X) for some locally compact space
X. So let B := π(A). Then B is a commutative C∗-algebra and π : A → B is a morphism
of Banach-∗-algebras with dense range. In view of the Gelfand Representation Theorem,
B ∼= C0(Y ) for some locally compact space Y . For y ∈ Y and δy(f) := f(y), we have

π∗(δy) := δy ◦ π ∈ Â because π∗(δy) 6= 0 follows from the fact that π has dense range.

The so obtained map π∗ : Y → Â is continuous because for each a ∈ A, the function y 7→
π∗(δy)(a) = π(a)(y) is continuous. Moreover, it extends to an injective continuous map

π∗ : Y ∪ {0} = Hom(B,C)→ Â ∪ {0} = Hom(A,C)

of compact spaces which therefore is a topological embedding. This implies that π∗(Y )∪{0}
is a compact subset of Â ∪ {0} so that Y ∼= π∗(Y ) is a closed subset of Â. We may therefore

assume that Y is a closed subset of Â, so that π obtains the simple form π(a) = â|Y . If
PB is a regular Borel spectral measure on Y with PB(f) = f for f ∈ B ⊆ B(H), then

PA(E) := PB(E ∩ Y ) is a regular Borel spectral measure on Â, and for a ∈ A we have

PA(â) = PB(â|Y ) = PB(π(a)) = π(a).
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Replacing A by B, we may thus assume that A = C0(X) holds for some locally compact
space X.

Next we show the uniqueness of the spectral measure. Let P and P̃ be spectral measures
with the desired properties. For v ∈ H we then obtain two positive measures P v and P̃ v on
Â with ∫

Â
â(χ) dP v(χ) = 〈P (â)v, v〉 = 〈π(a)v, v〉 =

∫
Â
â(χ) dP̃ v(χ)

for a ∈ A. In view of the Riesz Representation Theorem, the regularity assumption implies
P v = P̃ v. Since each P (E) is uniquely determined by the numbers P v(E) = 〈P (E)v, v〉,
v ∈ H, the uniqueness of P follows.

Now we prove the existence. To this end, we decompose the representation (π,H) into
cyclic representations (πj ,Hj), j ∈ J (Exercise A.2). If we have for each j ∈ J a spectral
measure P j with values on B(Hj) and the desired properties, then Lemma A.6 implies that

P (E)v :=
(
Pj(E)vj

)
for v = (vj)j∈J ∈ H

defines a spectral measure. We may thus assume that the representation of A = C0(X) is
cyclic. Let v ∈ H be a cyclic vector, so that π(A)v is dense in H. Then

πv : C0(X)→ C, f 7→ 〈π(f)v, v〉

is a positive functional, and the Riesz Representation Theorem provides a unique regular
Borel measure P v on X with

πv(f) =

∫
X

f(χ) dP v(χ) for f ∈ C0(X).

Next we show that H ∼= L2(X,P v). To this end, we consider the map Φ̃: C0(X) →
H, a 7→ π(a)v. Then

〈Φ̃(a), Φ̃(b)〉 = 〈π(a)v, π(b)v〉 = 〈π(ab∗)v, v〉

= πv(ab∗) =

∫
X

a(x)b(x) dP v(x) = 〈a, b〉L2(X,Pv).

Hence the map L2(X,P v) 3 a → π(a)v ∈ H is well defined and, since C0(X) is dense in
L2(X,P v), it extends to an isometric embedding

Φ: L2(X,P v)→ H,

which is surjective because π(A)v is dense. For each a ∈ A we have

〈π(a)v, v〉 = 〈a, 1〉L2(X,Pv) = 〈Φ(a),Φ(1)〉 = 〈π(a)v,Φ(1)〉,

so that Φ(1) = v.
Let ρ : L∞(X)→ B

(
L2(X,P v)

)
denote the representation from Lemma A.4. For a, b ∈ A

we then have
π(a)Φ(b) = π(a)π(b)v = π(ab)v = Φ(ab) = Φ(ρ(a)b).
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In view of the density of C0(X) in L2(X,P v), Φ is an intertwining operator for the represen-
tations ρ and π of A. We may thus assume that H = L2(X,P v).

Finally, let P (E)f = χEf denote the spectral measure on L2(X,P v) from Lemma A.5.
For a ∈ A we now have P (a) = ρ(a). It remains to show that, for f ∈ L2(X,P v), the
measures

E 7→ P f (E) = 〈P (E)f, f〉 = 〈χEf, f〉 =

∫
E

|f(x)|2 dP v(x)

are regular, but this is a consequence of the following Lemma C.2.

Lemma C.2. If µ is a regular Borel measure on the locally compact space X and f ∈
L2(X,µ), then the finite measure µf (E) :=

∫
E
|f(x)|2 dµ(x) is also regular.

Proof. Let E ⊆ X be a Borel set. We have to show that E is outer regular. We may assume
µ(E) <∞ because otherwise there is nothing to show. Let ε > 0. For n ∈ N we consider the
sets Fn := {x ∈ X : |f(x)| ≥ n}. Then µf (X \Fn)→ µf (X) = ‖f‖22 implies that µf (Fn) ≤ ε
for n ≥ Nε. If V ⊇ E is an open subset with µ(V ) ≤ µ(E) + ε

N2
ε

, then we obtain for n = Nε:

µf (V \ E) = µf
(
(V ∩ Fn) \ E

)
+ µf

(
(V \ Fn) \ E

)
≤ µf (Fn) + µf

(
(V \ Fn) \ E

)
≤ ε+

ε

n2
n2 = 2ε.

This proves the outer regularity of E.
To see that each open subset U ⊆ X is inner regular, we argue similarly.

The preceding proof even implies the following:

Corollary C.3. A representation (π,H) of a commutative Banach-∗-algebra is cyclic with

cyclic vector v if and only if there exists a finite Radon measure µ on Â such that (π,H, v)

is unitarily equivalent to the representation
(
πµ, L

2(Â, µ), 1
)

with πµ(a)f = â · f .

Proof. First we show that the representation πµ on L2(Â, µ) is cyclic. Since µ is finite,
1 ∈ L2(X,µ). Further, πµ(A)1 = {â : a ∈ A}. According to the Stone–Weierstraß Theorem,

G(A) is dense in C0(Â), so that the density of Cc(Â) ⊆ C0(Â) in L2(Â, µ) implies that 1 is
a cyclic vector.

If, conversely, (π,H, v) is a cyclic representation of A with cyclic vector v, then the
argument in the proof of Theorem C.1 implies that it is equivalent to a representation
(πµ, L

2(Â, µ), 1).
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[Gl02] Glöckner, H., Algebras whose groups of units are Lie groups, Studia Math. 153
(2002), 147–177

[Gl05] —, Fundamentals of direct limit Lie theory, Compositio Math. 141 (2005), 1551–
1577
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